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Introdu
tion

� Most te
hniques for 
omputing varian
es of parameter estimatorsor for setting 
on�den
e intervals assume a large sample size[Bhatta
harya & Rao (1976)℄.� In many signal pro
essing problems large sample methods areinappli
able [Fisher & Hall (1991)℄.� The bootstrap was introdu
ed [Efron (1979)℄ to 
al
ulate
on�den
e intervals for parameters when few data are available.� The bootstrap has been shown to solve many other problemswhi
h would be too 
ompli
ated for traditional statisti
al analysis[Hall (1992), Efron & Tibshirani (1993), Shao & Tu (1995)℄.
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Introdu
tion (Cont'd)

� The bootstrap does with a 
omputer what the experimenterwould do in pra
ti
e, if it were possible.1. The observations are randomly re-assigned, and the estimatesre-
omputed.2. These assignments and re-
omputations are done many timesand treated as repeated experiments.� In an era of exponentially in
reasing 
omputational power,
omputer-intensive methods su
h as the bootstrap are a�ordable.
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Introdu
tion (Cont'd)

Appli
ations of the bootstrap to real-life problems have beenreported in (see also spe
ial session at ICASSP-94 [64℄)� radar signal pro
essing [Nagaoka & Amai (1990,1991)℄,� sonar signal pro
essing [Krolik et al. (1991), B�ohme & Maiwald(1994), Reid et al. (1996)℄,� geophysi
s [Fisher & Hall (1989,1990,1991), Tauxe et al. (1991)℄,� biomedi
al engineering [Haynor & Woods (1989), Banga &Ghorbel (1993)℄� 
ontrol [Lai & Chen (1995)℄,

A.M. Zoubir, Curtin University of Te
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Introdu
tion (Cont'd)

� atmospheri
 environmental resear
h [Hanna (1989)℄,� vibration analysis [Zoubir & B�ohme (1991,1995)℄.� power systems [Herman (1996)℄,� 
omputer vision [Lange et al. (1998), Kanatani & Ohta (1998)℄� image analysis [Ar
her & Chan (1996)℄,� nu
lear te
hnology [Ya
out et al. (1996)℄,� metrology [Ciarlini (1997), Cox et al. (1997)℄,� �nan
ial engineering [Bhar & Chiarella (1996), Ankenbrand &Tomassini (1996)℄.A.M. Zoubir, Curtin University of Te
hnology 9
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Introdu
tion (Cont'd)

� Bootstrap methods are potentially superior to large samplete
hniques for small sample sizes [Hall (1992)℄.� A danger exists when applying bootstrap te
hniques in some
ir
umstan
es where standard approa
hes are judgedinappropriate and in su
h 
ir
umstan
es the bootstrap may alsofail [Freedman (1981)℄.� Spe
ial 
are is therefore required when applying the bootstrapin real-life situations [Young (1994)℄.

A.M. Zoubir, Curtin University of Te
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Problem Statement

Let X = fX1; X2; : : : ; Xng be a random sample from a 
ompletelyunspe
i�ed distribution F . Let � denote an unknown 
hara
teristi
 ofF , su
h as its mean or varian
e.Find the distribution of ^�, an estimator of �, derived fromthe sample X .Possible solution: repeat the experiment a suÆ
ient number oftimes and approximate the distribution of ^� by the so obtainedempiri
al distribution.Problem: may be inappli
able for 
ost reasons or be
ause theexperimental 
onditions are not reprodu
ible.

A.M. Zoubir, Curtin University of Te
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Prin
iple of the Bootstrap

Model

Unknown Estimated
Probability
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^
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21X=(x  , x  , ..., x  )F

Probability

θ

n

^

F^ x*=(x* , x* , ..., x* )1 2

θ*=s(  *)x

Observed Data Bootstrap Sample

x=s(  )
Bootstrap replicationStatistic of interest

BOOTSTRAP WORLD

n

From [Efron & Tibshirani (1993)℄.A.M. Zoubir, Curtin University of Te
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The Non-Parametri
 Bootstrap

1. Condu
t the experiment to obtain the random sample X =fX1; X2; : : : ; Xng and 
al
ulate the estimate ^� from X .2. Constru
t the empiri
al distribution ^F , whi
h puts equal mass1=n at ea
h observation X1 = x1; X2 = x2; : : : ; Xn = xn.3. From the sele
ted ^F , draw a sample X � = fX�1 ; X�2 ; : : : ; X�ng,
alled the bootstrap (re)sample.4. Approximate the distribution of ^� by the distribution of ^��derived from X �.

A.M. Zoubir, Curtin University of Te
hnology 14
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The Bootstrap Pro
edure

Measured DataCondu
tExperiment - - ComputeStatisti
 -x ^�(x)?ResampleBootstrap Data- - ComputeStatisti
 -x�1 ^��1- - ComputeStatisti
 -x�2 ^��2... ...- - ComputeStatisti
 -x�N ^��N
GenerateEDF,^F^�(^�)- - ^�6^F^�(^�)
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Example: Bias Estimation

Consider the problem of estimating the varian
e of an unknowndistribution F�;�, based on the random sample X = fX1; : : : ; Xng.Two di�erent estimators 
an be used:

^�2u = 1n� 1 nXi=1
0�Xi � 1n nXj=1Xj1A2 ; ^�2b = 1n nXi=1
0�Xi � 1n nXj=1Xj1A2 :

It 
an be easily shown thatE^�2u = �2 and E^�2b = (1� 1n )�2With the bootstrap we estimate the bias b(^�2) = E^�2 � �2 byE�^��2 � ^�2, where ^�2 is the maximum likelihood estimate of �2, i.e.,^�2b and E� is expe
tation w.r.t. bootstrap sampling.A.M. Zoubir, Curtin University of Te
hnology 17
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Example (Cont'd)

Step 0. Experiment. Colle
t the data into X = fX1; : : : ; Xng.Compute the estimates ^�2u and ^�2b .Step 1. Resampling. Draw a random sample of size n, with re-pla
ement, from X .Step 2. Cal
ulation of the bootstrap estimate. Cal
ulate thebootstrap estimates ^��2u and ^��2b from X � in the same way^�2u and ^�2b were 
omputed but with the resample X �.Step 3. Repetition. Repeat Steps 1 and 2 to obtain a total of Nbootstrap estimates ^��2u;1; : : : ; ^��2u;N and ^��2b;1; : : : ; ^��2b;N .Step 4. Bias Estimation. Estimate b(^�2u) by b�(^��2u ) =1=NPNi=1 ^��2u;i�^�2b and b(^�2b ) by b�(^��2b ) = 1=NPNi=1 ^��2b;i�^�2b .

A.M. Zoubir, Curtin University of Te
hnology 18
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Example (Cont'd)

We 
onsidered a sample of size n = 5 from the standard normaldistribution. With N = 999 and 1000 Monte Carlo simulations, weobtained the following histograms for b�(^��2u ) and b�(^��2b ).
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Example: Varian
e Estimation

Consider the problem of �nding the varian
e �2^� of an estimator ^� of�, based on the random sample X = fX1; : : : ; Xng from the unknowndistribution F�.� If tra
table, one may derive an analyti
 expression for �2^� .� Alternatively, one may use asymptoti
 arguments to 
ompute anestimate ^�2^� for �2^� .Problem: In many situations the 
onditions for the above are notful�lled.Solution: The bootstrap provides a simple and a

urate alternativeto approximate �2^� by ^��2^� .

A.M. Zoubir, Curtin University of Te
hnology 21
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Example (Cont'd)

Step 0. Experiment. Condu
t the experiment and 
olle
t therandom data into the sample X = fX1; : : : ; Xng.Step 1. Resampling. Draw a random sample of size n, with re-pla
ement, from X .Step 2. Cal
ulation of the bootstrap estimate. Evaluate the boot-strap estimate ^�� from X � 
al
ulated in the same manner as^� but with the resample X � repla
ing X .Step 3. Repetition. Repeat Steps 1 and 2 many times to obtaina total of B bootstrap estimates ^��1 ; : : : ; ^��B. Typi
al valuesfor B are between 25 and 200 [Efron & Tibshirani (1993)℄.

A.M. Zoubir, Curtin University of Te
hnology 22
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Example (Cont'd)

Step 4. Estimation of the varian
e of ^�. Estimate the varian
e�2^� of ^� by
^�2BOOT = 1B � 1 BXb=1

 ^��b � 1B BXb=1 ^��b
!2 :

� Suppose F�;� is N (10; 25) and we wish to estimate �^� based on arandom sample X of size n = 50.� Following the above pro
edure with B = 25, a bootstrap estimateof the varian
e of ^� is found to be ^�2BOOT = 0:49 as 
ompared tothe true �2^� = 0:5.

A.M. Zoubir, Curtin University of Te
hnology 23



ICASSP-99 Tutorial, 15 Mar
h 1999'
&

$
%

Example (Cont'd)
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Histogram of ^��2(1)^� ; ^��2(2)^� ; : : : ; ^��2(1000)^� , based on a random sample of sizen = 50 and B = 25.A.M. Zoubir, Curtin University of Te
hnology 24
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Example: Con�den
e Interval for the Mean

Let X = fX1; : : : ; Xng be from some unknown distribution F�;�. Wewish to �nd an estimator and a 100(1� �)% interval for �. Let^� = X1 + : : :+Xnn :A 
on�den
e interval for � is found by determining the distributionof ^�, and �nding ^�L; ^�U su
h thatPr(^�L � � � ^�U ) = 1� �:The distribution of ^� depends on the distribution of the Xi's, whi
his unknown. If n is large, the distribution of ^� 
ould be approximatedby the normal distribution as per the 
entral limit theorem. What ifn is small?A.M. Zoubir, Curtin University of Te
hnology 26
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Example (Cont'd)

Step 0. Experiment. Condu
t the experiment and 
olle
tX1; : : : ; Xn into X . Suppose F�;� is N (10; 25) and X =f�2:41; 4:86; 6:06; 9:11; 10:20; 12:81; 13:17; 14:10; 15:77; 15:79gis of size n = 10. The mean of all values in X is ^� = 9:95.Step 1. Resampling. Draw a sample of 10 values, with repla
e-ment, from X . One might obtain the bootstrap resample X � =f9:11; 9:11; 6:06; 13:17; 10:20;�2:41; 4:86; 12:81;�2:41; 4:86g.Note that some values from the original sample appear morethan on
e while others do not appear at all.Step 2. Cal
ulation of the bootstrap estimate. Cal
ulate themean of X �. The mean of all 10 values in X � is ^��1 = 6:54.

A.M. Zoubir, Curtin University of Te
hnology 27
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Example (Cont'd)

Step 3. Repetition. Repeat Steps 1 and 2 to obtain N bootstrapestimates ^��1; : : : ; ^��N . Let N = 1000.Step 4. Approximation of the Distribution of ^�. Sort the boot-strap estimates to obtain ^��(1) � ^��(2) � : : : � ^��(N). Wemight get 3:48; 3:39; 4:46; : : : ; 8:86; 8:88; 8:89; : : : ; 10:07;10:08; : : : ; 14:46; 14:53; 14:66.Step 5. Con�den
e Interval. The 100(1 � �)% bootstrap 
on-�den
e interval is (^��(q1); ^��(q2)), where q1 = bN�=2
 andq2 = N � q1 + 1. For � = 0:05 and N = 1000, q1 = 25and q2 = 976, and the 95% 
on�den
e interval is found to be(6:27;13:19) as 
ompared to the theoreti
al (6:85;13:05).

A.M. Zoubir, Curtin University of Te
hnology 28
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Example (Cont'd)
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Histogram of ^��1; ^��2; : : : ; ^��1000, based on the random sample X = f�2:41;4:86; 6:06; 9:11; 10:20; 12:81; 13:17; 14:10; 15:77; 15:79g, together with thedensity fun
tion of a Gaussian variable with mean 10 and varian
e 2.5.

A.M. Zoubir, Curtin University of Te
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Example (Cont'd)
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Histogram of 1000 bootstrap estimates of the mean of the t4-distribution andthe kernel probability density fun
tion obtained from 1000 Monte Carlosimulations. The 95 % 
on�den
e interval is (-0.896,0.902) and(-0.886,0.887) based on the bootstrap and Monte Carlo, respe
tively.A.M. Zoubir, Curtin University of Te
hnology 30
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Example (Cont'd)

� The pro
edure des
ribed above 
an be substantially improvedbe
ause the interval 
al
ulated is, in fa
t, an interval with
overage less than the nominal value [Hall (1988)℄.� Later, we shall dis
uss another way that will lead to a morea

urate 
on�den
e interval for the mean.� The 
omputational expense to 
al
ulate the 
on�den
e intervalfor � is approximately N times greater than the one needed to
ompute ^�.� This is a

eptable given the ever-in
reasing 
apabilities oftoday's 
omputers.

A.M. Zoubir, Curtin University of Te
hnology 31
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The Parametri
 Bootstrap

� Bootstrap sampling 
an be 
arried out parametri
ally.� If one has partial knowledge of F , one may use ^F^� instead of ^F .� Draw N samples of size n from the parametri
 estimate of F^F^� �! (x�1; x�2; : : : ; x�n)and pro
eed as before.� When used in a parametri
 way, the bootstrap provides morea

urate answers, provided the model is 
orre
t.

A.M. Zoubir, Curtin University of Te
hnology 33
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Example: Con�den
e Interval for the Mean

Step 0. Experiment. Condu
t the experiment and 
olle
tX1; : : : ; Xn into X . Suppose F�;� is N (10; 25) and X =f�2:41; 4:86; 6:06; 9:11; 10:20; 12:81; 13:17; 14:10; 15:77; 15:79gis of size n = 10. The mean of all values in X is ^� = 9:95 andthe sample varian
e is ^�2 = 33:15.Step 1. Resampling. Draw a sample of 10 values, withrepla
ement, from F^�;^�. We might obtain X � =f7:45; 0:36; 10:67; 11:60; 3:34; 16:80; 16:79; 9:73; 11:83; 10:95g.Step 2. Cal
ulation of the bootstrap estimate. Cal
ulate themean of X �. The mean of all 10 values in X � is ^��1 = 9:95.

A.M. Zoubir, Curtin University of Te
hnology 35
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Example (Cont'd)

Step 3. Repetition. Repeat Steps 1 and 2 to obtain N bootstrapestimates ^��1; : : : ; ^��N . Let N = 1000.Step 4. Approximation of the Distribution of ^�. Sort the boot-strap estimates to obtain ^��(1) � ^��(2) � : : : � ^��(N).Step 5. Con�den
e Interval. The 100(1 � �)% bootstrap 
on-�den
e interval is (^��(q1); ^��(q2)), where q1 = bN�=2
 andq2 = N � q1 + 1. For � = 0:05 and N = 1000, q1 = 25and q2 = 976, and the 95% 
on�den
e interval is found to be(6:01;13:87) as 
ompared to the theoreti
al (6:85;13:05).

A.M. Zoubir, Curtin University of Te
hnology 36
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Example (Cont'd)
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Histogram of ^��1; ^��2; : : : ; ^��1000, based on the random sample X = f�2:41;4:86; 6:06; 9:11; 10:20; 12:81; 13:17; 14:10; 15:77; 15:79g, together with thedensity fun
tion of a Gaussian variable with mean 10 and varian
e 2.5.

A.M. Zoubir, Curtin University of Te
hnology 37
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An Example of Bootstrap Failure

Let X � U(0; �) and X = fX1; X2; : : : ; Xng. We wish to estimate �by ^� and its distribution ^F^�(^�). The Maximum Likelihood (ML)estimator of � is given by ^� = X(n).� To obtain an estimate of the density fun
tion of ^� we sample withrepla
ement from the data and ea
h time estimate ^�� from X �.� Alternatively, we 
ould sample from U(0; ^�) and estimate ^�� fromX � (parametri
 bootstrap).� We ran an example with � = 1, n = 50 and N = 1000. The MLestimate of � was found to be ^� = 0:9843.

A.M. Zoubir, Curtin University of Te
hnology 39
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An Example of Bootstrap Failure (Cont'd)

The non-parametri
 bootstrap shows that approximately 62% of thevalues of ^�� equal ^�. In fa
t,Pr(^�� = ^�) = 1� (1� 1=n)n �! 1� e�1 � 0:632 as n �!1.
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� Prin
iple of the Bootstrap{ The Dependent Data Bootstrap{ An Example: Varian
e Estimation for AutoregressiveParameter Estimates� The Prin
iple of Pivoting{ An Example: Con�den
e Interval for the Mean� Varian
e Stabilisation{ Examples1. Correlation CoeÆ
ient2. Coheren
e Gain for Engine Kno
k Data
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The Dependent Data Bootstrap

� The assumption of i.i.d. data 
an break down in pra
ti
e eitherbe
ause the data is not independent or be
ause it is notidenti
ally distributed, or both.� We 
an still invoke the bootstrap prin
iple if we knew themodel that generated the data [Efron & Tibshirani (1993), Bose(1988), Kreiss & Franke (1992), Paparoditis (1996), Zoubir(1993)℄.� For example, a way to relax the i.i.d. assumption is to assumethat the data is identi
ally distributed but not independent su
has in autoregressive (AR) models.

A.M. Zoubir, Curtin University of Te
hnology 42
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The Dependent Data Bootstrap (Cont'd)

� If no plausible model su
h as AR is available for the probabilityme
hanism generating stationary observations, we 
ould makethe assumption of weak dependen
e.� Strong mixing pro
essesa, for example, satisfy the weakdependen
e 
ondition.� The moving blo
ks bootstrap [K�uns
h (1989), Liu & Singh(1992), Politis & Romano (1992,1994)℄ has been proposed forbootstrapping weakly dependent data.

aLoosely speaking a pro
ess is strong mixing if observations far apart (in time)are almost independent [Rosenblatt (1985)℄.A.M. Zoubir, Curtin University of Te
hnology 43
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The Moving Blo
ks Bootstrap

S
hemati
 diagram of the moving blo
ks bootstrap for a stationary signal. Thered 
ir
les are the original signal. A bootstrap realisation of the signal (green
ir
les) is generated by 
hoosing a blo
k length (\3" in the diagram) andsampling with repla
ement from all possible 
ontiguous blo
ks of this length.A.M. Zoubir, Curtin University of Te
hnology 44
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Other Blo
k Bootstrap Methods

� The 
ir
ular blo
ks bootstrap [Politis & Romano (1992), Shao &Yu (1993)℄ allows blo
ks whi
h start at the end of the data andwrap around to the start.� The blo
ks of blo
ks bootstrap [Politis et al. (1992)℄ uses twolevels of blo
king to estimate 
on�den
e bands for spe
tra and
ross-spe
tra.� The stationary bootstrap [Politis & Romano (1994)℄ allowsblo
ks to be of random lengths instead of a �xed length.

A.M. Zoubir, Curtin University of Te
hnology 45
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Outline

� Prin
iple of the Bootstrap{ The Dependent Data Bootstrap{ An Example: Varian
e Estimation for AutoregressiveParameter Estimators� The Prin
iple of Pivoting{ An Example: Con�den
e Interval for the Mean� Varian
e Stabilisation{ Examples1. Correlation CoeÆ
ient2. Coheren
e Gain for Engine Kno
k Data
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An Example: Varian
e Estimation in AR ModelsWe generate n observations xt; t = 0; : : : ; n� 1, fromXt + a �Xt�1 = Zt ;where Zt is white Gaussian noise with EZt = 0, 
ZZ(u) = �2ZÆ(u),and a su
h that jaj < 1.After de-trending the data, we �t the AR(1) model to theobservation xt. With ^
xx(u) = 1=nPn�juj�1t=0 xtxt+juj for0 � juj � n� 1, we 
al
ulate the Maximum Likelihood Estimate(MLE) of a, ^a = �^
xx(1)=^
xx(0), whi
h has approximate varian
ez^�2^a = (1� a2)=n.zunder some regularity 
onditions an asymptoti
 formula for ^�2^a 
an be foundin the non-Gaussian 
ase and is a fun
tion of a and the varian
e and kurtosis ofZt [Porat & Friedlander (1989)℄.A.M. Zoubir, Curtin University of Te
hnology 47
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Example (Cont'd)

Step 0. Experiment. Condu
t the experiment and 
olle
t n ob-servations xt; t = 0; : : : ; n�1, from an auto-regressive pro
essof order one, Xt.Step 1. Cal
ulation of the residuals. With the Maximum Likeli-hood Estimate ^a of a, de�ne the residuals ^zt = xt + ^a � xt�1for t = 1; 2; : : : ; n� 1.Step 2. Resampling. Create a bootstrap sample x�0; x�1; : : : ; x�n�1by sampling ^z�1 ; ^z�2 ; : : : ; ^z�n�1, with repla
ement, from theresiduals ^z1; ^z2; : : : ; ^zn�1, then letting x�0 = x0, and x�t =�^ax�t�1 + ^z�t ; t = 1; 2; : : : ; n� 1.

A.M. Zoubir, Curtin University of Te
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Example (Cont'd)

Step 3. Cal
ulation of the bootstrap estimate. After 
entring thetime series x�0; x�1; : : : ; x�n�1, obtain ^a�, using the above for-mulae but based on x�0; x�1; : : : ; x�n�1.Step 4. Repetition. Repeat steps 2{3 a large number of times,N = 1000, say, to obtain ^a�1; ^a�2; : : : ; ^a�N .Step 5. Varian
e estimation. From ^a�1; ^a�2; : : : ; ^a�N , approximatethe varian
e of ^a by
^��2^a = 1N � 1 NXi=1(^a�i � 1N NXi=1 ^a�i )2 :

A.M. Zoubir, Curtin University of Te
hnology 49
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Example (Cont'd)
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Histogram of ^a�1; ^a�2; : : : ; ^a�1000 for a = �0:6, n = 128 and Zt Gaussian. TheMLE for a was ^a = �0:6351 and ^�^a = 0:0707. The bootstrap estimate was^��^a = 0:0712 as 
ompared to ^�^a = 0:0694 based on 1000 Monte Carlosimulations.A.M. Zoubir, Curtin University of Te
hnology 50
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Outline

� Prin
iple of the Bootstrap{ The Dependent Data Bootstrap{ An Example: Varian
e Estimation for AutoregressiveParameter Estimators� The Prin
iple of Pivoting{ An Example: Con�den
e Interval for the Mean� Varian
e Stabilisation{ Examples1. Correlation CoeÆ
ient2. Coheren
e Gain for Engine Kno
k Data
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The Prin
iple of Pivoting

� A statisti
 T (X; �) is 
alled pivotal if it possesses a �xedprobability distribution independent of � [Cram�er (1967),Lehmann (1986)℄.� Bootstrap 
on�den
e intervals or tests have ex
ellent propertieseven for relatively low �xed resample number [Hall (1992)℄.� For example, one 
an show that the 
overage error in 
on�den
einterval estimation with the bootstrap is Op(n�1) as 
ompared toOp(n�1=2) when using the normal approximation.� The a

ura
y 
laimed holds whenever the statisti
 isasymptoti
ally pivotal [Hall & Titterington (1989), Hall (1992)℄.

A.M. Zoubir, Curtin University of Te
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Outline

� Prin
iple of the Bootstrap{ The Dependent Data Bootstrap{ An Example: Varian
e Estimation for AutoregressiveParameter Estimators� The Prin
iple of Pivoting{ An Example: Con�den
e Interval for the Mean� Varian
e Stabilisation{ Examples1. Correlation CoeÆ
ient2. Coheren
e Gain for Engine Kno
k Data
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An Example: Con�den
e Interval Estimation

We 
onsider the 
onstru
tion of a 
on�den
e interval for the mean.Let X = fX1; : : : ; Xng be a random sample from some unknownF�X ;�X . We wish to �nd an estimator of �X with a 100(1� �)%
on�den
e interval.Let ^�X and ^�2X be the sample mean and the sample varian
e of X ,respe
tively. Alternatively to the previous example, we will base ourmethod for �nding a 
on�den
e interval for �X on the statisti
^�Y = ^�X � �X^� ;where ^� is the standard deviation of ^�X . The statisti
 hasasymptoti
ally for large n a distribution free of unknown parameters.

A.M. Zoubir, Curtin University of Te
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Example (Cont'd)

Step 0. Experiment. Condu
t the experiment and 
olle
t therandom data into the sample X = fX1; X2; : : : ; Xng.Step 1. Parameter estimation. Based on X , 
al
ulate ^�X and itsstandard deviation ^�, using a nested bootstrap.Step 2. Resampling. Draw a random sample, X � of n values,with repla
ement, from X .Step 3. Cal
ulation of the pivotal statisti
. Cal
ulate the meanof all values in X � and using a nested bootstrap, 
al
ulate ^��.Then, form ^��Y = ^��X � ^�X^��

A.M. Zoubir, Curtin University of Te
hnology 55
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Example (Cont'd)

Step 4. Repetition. Repeat Steps 2-3 many times to obtain atotal of N bootstrap estimates ^��Y;1; : : : ; ^��Y;N .Step 5. Ranking. Sort the bootstrap estimates to obtain ^��Y;(1) �^��Y;(2) � : : : � ^��Y;(1000).Step 6. Con�den
e Interval. If (^��Y;(q1); ^��Y;(q2)) is an interval
ontaining (1 � �)N of the means ^��Y , where q1 = bN�=2
and q2 = N � q1 + 1, then(^�X � ^�^��Y;(q2); ^�X � ^�^��Y;(q1))is a 100(1� �)% 
on�den
e interval for �X .Su
h an interval is known as a per
entile-t 
on�den
e interval [Efron(1987), Hall (1988)℄.A.M. Zoubir, Curtin University of Te
hnology 56
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Example (Cont'd)

For the same random sample X as before, we obtained the 
on�den
einterval (3:54;13:94) as 
ompared to (6:01;13:87).� This interval is larger than the one obtained earlier and enfor
esthe statement that the interval obtained there has 
overage lessthan the nominal 95%.� It also yields better results than an interval derived using theassumption that ^�Y is N (0; 1)- or the (better) approximationthat ^�Y is tn�1-distributed.� The interval obtained here a

ounts for skewness in theunderlying population or other errors [Hall (1988,1992), Efron &Tibshirani (1993), Zoubir (1993)℄.A.M. Zoubir, Curtin University of Te
hnology 57
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iple of the Bootstrap{ The Dependent Data Bootstrap{ An Example: Varian
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e Stabilisation{ Examples1. Correlation CoeÆ
ient2. Coheren
e Gain for Engine Kno
k Data
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Varian
e StabilisationTo ensure pivoting, usually the statisti
 is \studentised", i.e., we form^T = ^� � �^�^�The per
entile-t method is parti
ularly appli
able to lo
ationstatisti
s, su
h as the sample mean, sample median, et
. [Efron &Tibshirani (1993)℄. However, for more general statisti
s, it may notbe a

urate.Problem: Studentising results in 
on�den
e intervals with errati
allyvarying lengths and end points.Solution: Pivoting often does not hold unless an appropriatevarian
e stabilising transformation is applied �rst. How do we\automati
ally" get a varian
e stabilising transformation?A.M. Zoubir, Curtin University of Te
hnology 59
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Varian
e Stabilisation (Cont'd)

Step 1. Estimation of the varian
e stabilising transformation.(a) Generate B1 bootstrap samples X �i from X and for ea
h
al
ulate the value of the statisti
 ^��i , i = 1; : : : ; B1. Forexample B1 = 100.(b) Generate B2 bootstrap samples from X �i , i = 1; : : : ; B1,and 
al
ulate ^��2i , a bootstrap estimate for the varian
e of^��i , i = 1; : : : ; B1. For example B2 = 25.(
) Estimate the varian
e fun
tion �(�) by smoothing the val-ues of ^��2i against ^��i , using, for example, a �xed-span 50%\running lines" smoother [Hastie & Tibshirani (1990)℄.

A.M. Zoubir, Curtin University of Te
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Varian
e Stabilisation (Cont'd)

Step 1. Estimation of the varian
e stabilising transformation.(d) Estimate the varian
e stabilising transformation h(^�) from

h(�) = Z �f�(s)g�1=2ds:

Step 2. Bootstrap quantile estimation. Generate B3 bootstrapsamples and 
ompute ^��i and h(^��i ) for ea
h sample i. Approx-imate the distribution of h(^�)� h(�) by that of h(^��)� h(^�).

A.M. Zoubir, Curtin University of Te
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Outline

� Prin
iple of the Bootstrap{ The Dependent Data Bootstrap{ An Example: Varian
e Estimation for AutoregressiveParameter Estimators� The Prin
iple of Pivoting{ An Example: Con�den
e Interval for the Mean� Varian
e Stabilisation{ Examples1. Con�den
e Interval for the Mean2. Coheren
e Gain for Engine Kno
k Data
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Example: Correlation 
oeÆ
ient

Let � = % be the 
orrelation 
oeÆ
ient of two unknown populations,and let ^% and ^�2 be estimates of % and the varian
e of ^%, respe
tively,based on X = fX1; : : : ; Xng and Y = fY1; : : : ; Yng.Let X � and Y� be resamples, drawn with repla
ement from X and Y,respe
tively, and let ^%� and ^��2 be bootstrap versions of ^% and ^�2.By repeated resampling from X and Y we 
ompute ^s� and ^t�, su
hthat with 0 < � < 1Pr ( (^%� � ^%)=^�� � ^s� j X ;Y) = �2 = Pr �(^%� � ^%)=^�� � ^t� �� X ;Y� :The 
on�den
e interval (per
entile-t) for % is given byI(X ;Y) = �^%� ^�^t� ; ^%� ^�^s�� :A.M. Zoubir, Curtin University of Te
hnology 63
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Example: Correlation 
oeÆ
ient (Cont'd)

There exists a transformation 
alled Fisher's z-transform [Fisher(1921), Anderson (1984)℄, whi
h is stabilising and normalising:�% = tanh�1 ^% = 12 log 1 + ^%1� ^% :We 
ould �rst �nd a 
on�den
e interval for � = tanh�1 % and thentransform the endpoints ba
k with the inverse transformation% = tanh � to obtain a 
on�den
e interval for %.For X and Y bivariate normal (�% � N (�; 1=(n� 3))), a 95%, forexample, 
on�den
e interval for % is obtained from�tanh(�1:96=pn� 3 + �%) ; tanh(1:96=pn� 3 + �%)� :

A.M. Zoubir, Curtin University of Te
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Example: Correlation 
oeÆ
ient (Cont'd)

Let X = Z1 +W and Y = Z2 +W , where Z1; Z2 and W are pairwisei.i.d. Then, %XY = 0:5. We drew n = 15 realisations z1;i; z2;i and wi,from the normal distribution and 
al
ulated xi; yi, i = 1; : : : ; 15.� Assuming a normal distribution we found ^%XY = 0:36 and the95% 
on�den
e interval (�0:18;0:74) for %X;Y .� using the bootstrap per
entile-t method, we found withN = 1000 the 95% 
on�den
e interval (�0:05;1:44).� Using Fisher's z-transform and the bootstrap (without assumingbivariate normality), a 
on�den
e interval was found to be(�0:28;0:93).The interval found using the per
entile-t method is over-
overingA.M. Zoubir, Curtin University of Te
hnology 65
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Example: Correlation 
oeÆ
ient (Cont'd)
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υ*^Bootstrap estimates of the standard deviation of B3 = 1000 (bootstrap)estimates of the 
orrelation 
oeÆ
ient before varian
e stabilisation.
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Example: Correlation 
oeÆ
ient (Cont'd)
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Varian
e stabilising transformation for the 
orrelation 
oeÆ
ient estimatedusing B1 = 100 and B2 = 25. The solid line is a plot of Fisher's z-transform.
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Example: Correlation 
oeÆ
ient (Cont'd)
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h(υ*)^Bootstrap estimates of the standard deviation of B3 = 1000 (new bootstrap)estimates of the 
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oeÆ
ient after varian
e stabilisation, obtainedthrough bootstrap. The 
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e interval found was (0:06;0:97).
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Example: Correlation 
oeÆ
ient (Cont'd)
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Outline

� Prin
iple of the Bootstrap{ The Dependent Data Bootstrap{ An Example: Varian
e Estimation for AutoregressiveParameter Estimators� The Prin
iple of Pivoting{ An Example: Con�den
e Interval for the Mean� Varian
e Stabilisation{ Examples1. Correlation CoeÆ
ient2. Coheren
e Gain for Engine Kno
k Data
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Example: Coheren
e Gain for Kno
k Data

vibration sensors distributed on the blo
k of a Volkswagen Passat four-
ylinderengine with 1.8l, 79 kW and 10:1 
ompression ratio.A.M. Zoubir, Curtin University of Te
hnology 71
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Coheren
e Gain for Kno
k Data (Cont'd)
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6�Zt =0� XtYt 1A Zt
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YtZt: ve
tor of vibration signals, observed;St: 
ylinder pressure signal, observed;g1;t: predi
tion �lter impulse response, unknown;g2;t: predi
tion �lter impulse response, unknown;Ei;t: predi
tion error, Ei;t = St � ^Si;t ; i = 1; 2, unknown.A.M. Zoubir, Curtin University of Te
hnology 72
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Coheren
e Gain for Kno
k Data (Cont'd)

The 
loseness to zero of �(!) = R2SZ(!)�R2SX(!), the 
oheren
egain explained by the sensor with output signal Yt, is an irrele-van
y measure of this sensor among the remaining sensors.This suggests totest H : R2SZ(!)�R2SX(!) � �0(!)against K : R2SZ(!)�R2SX(!) > �0(!) ; 0 < �0(!) < 1 :Problem: Distribution and varian
e stabilisation for the teststatisti
 ^T (!) = (^�(!)� �0(!))=^�(!), with ^�(!) = ^R2SZ(!)� ^R2SX(!),are unknown.

A.M. Zoubir, Curtin University of Te
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Example (Cont'd)
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Example (Cont'd)
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Estimated varian
e stabilising transformation. The transformation was foundusing B1 = 200; B2 = 25 and a �xed-span running lines smoother with span of50%.A.M. Zoubir, Curtin University of Te
hnology 75



ICASSP-99 Tutorial, 15 Mar
h 1999'
&

$
%

Example (Cont'd)
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Outline

� Hypothesis Testing with the Bootstrap{ An Example: Testing the Frequen
y Response for Zero� Signal Dete
tion{ Examples1. Bootstrap Mat
hed-Filter2. Dete
tion of a Non-Gaussian Signal at Multiple Sensors� Model Sele
tion{ Linear Models

A.M. Zoubir, Curtin University of Te
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Hypothesis Testing with the Bootstrap

Consider a random sample X = fX1; : : : ; Xng observed from anunspe
i�ed probability distribution F . Let � be an unknownparameter of F .We wish to test the hypothesisH : � � �0 against K : � > �0 ;where �0 is some known 
onstant. Let ^� be an estimator of � and ^�2an estimator of the varian
e �2 of ^�.De�ne the statisti
 ^T = ^� � �0^� :

A.M. Zoubir, Curtin University of Te
hnology 78
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Hypothesis Testing (Cont'd)

Step 1. Draw X �, with repla
ement, from X .Step 2. Cal
ulate ^T � = ^�� � ^�^�� ;where ^�� and ^�� are versions of ^� and ^� 
omputed from X �.Step 3. Repeat Steps 1 and 2 to obtain ^T �1 ; : : : ; ^T �N .Step 4. Rank ^T �1 ; : : : ; ^T �N into ^T �(1) � � � � � ^T �(N). Reje
t H if^T � ^T �(q), where q = b(N + 1)(1� �)
.

A.M. Zoubir, Curtin University of Te
hnology 79
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Hypothesis Testing (Cont'd)

For a double-sided alternative we would testH : � = �0 against K : � 6= �0 ;where �0 is some known 
onstant. The statisti
 used is given by^Td = j^� � �0j^� :We would pro
eed as before and rank the bootstrap statisti
s^T �d;1; : : : ; ^T �d;N into ^T �d;(1) � � � � � ^T �d;(N). Then, we would reje
t H atlevel � if ^Td � ^T �d;(q), where q = b(N + 1)(1� �)
.

A.M. Zoubir, Curtin University of Te
hnology 80



ICASSP-99 Tutorial, 15 Mar
h 1999'
&

$
%

Hypothesis Testing: Varian
e EstimationIf an estimator ^�2 is unavailable, use the bootstrap: Given^��1 ; : : : ; ^��B1 , we estimate the varian
e ^�2 of ^� by^�2BOOT = 1B1 � 1 B1Xb=1
 ^��b � 1B1 B1Xb=1 ^��b
!2 :

In the 
ase of ^��2, the pro
edure involves two nested levels ofresampling. For ea
h resample X �b , b = 1; : : : ; B1, we draw resamplesX ��b , b = 1; : : : ; B2, evaluate ^���b from ea
h resample to obtain B2repli
ations, and 
al
ulate
^��2BOOT = 1B2 � 1 B2Xb=1

 ^���b � 1B2 B2Xb=1 ^���b
!2 :

A.M. Zoubir, Curtin University of Te
hnology 81
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Varian
e Estimation (Cont'd)

The ja
kknife 
an be thought of as drawing n samples of size n� 1ea
h without repla
ement from the original sample of size n [Miller(1974)℄.The ja
kknife is based on the sample delete-one observation at atime, X (i) = fX1; X2; : : : ; Xi�1; Xi+1; : : : ; Xng, i = 1; 2; : : : ; n, 
alledja
kknife sample. For ea
h ith ja
kknife sample, we 
al
ulate the ithja
kknife estimate ^�(i) of �, i = 1; : : : ; n and 
ompute

^�2JACK = n� 1n nXi=1 ^�(i) � 1n nXi=1 ^�(i)!2 ;whi
h is less expensive than the bootstrap if n is less than thenumber of repli
ates used by the bootstrap for standard deviation.A.M. Zoubir, Curtin University of Te
hnology 82
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Outline

� Hypothesis Testing with the Bootstrap{ An Example: Testing the Frequen
y Response for Zero� Signal Dete
tion{ Examples1. Bootstrap Mat
hed-Filter2. Dete
tion of a Non-Gaussian Signal at Multiple Sensors� Model Sele
tion{ Linear Models

A.M. Zoubir, Curtin University of Te
hnology 83
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An Example: Testing the Frequen
y Response

Æ
��+--- gt ?- - ZtEtS(1)tS(2)tS(r)t ...:::
St: r ve
tor-valued stationary signal, observed;Zt: output signal, observed;gt: �lter impulse response, unknown;Et: noise, unknown, Et and St independent for t = 0;�1;�2; : : : .Zt = 1Xu=�1g0uSt�u + Et ;Problem: whi
h element Gl(!), 1 � l � r, is zero at a given !?A.M. Zoubir, Curtin University of Te
hnology 84
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Example (Cont'd)Let G(!) = (G(l)(!)0; Gl(!))0. Given St and Zt for n independentobservations of length T ea
h, we wish to testH : Gl(!) = 0 (G(l)(!) unspe
i�ed) against K : Gl(!) 6= 0 :We 
ompute the frequen
y data ds(!) = (dS1(!); : : : ;dSr(!)),dSl(!) = (dSl(!; 1); : : : ; dSl(!; n))0, l = 1; : : : ; r,dZ(!) = (dZ(!; 1); : : : ; dZ(!; n))0, withdZ(!; i) =PT�1t=0 w(t=T ) � Zt;i e�j!t; i = 1; : : : ; n, and 
onsider the
omplex regression dZ(!) = ds(!)G(!) + dE(!) :Let the Least-Squares Estimate (LSE) of G(!) be^G(!) = (ds(!)Hds(!))�1(ds(!)HdZ(!)) :A.M. Zoubir, Curtin University of Te
hnology 85
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Example (Cont'd)

Conventional te
hniques assume T large so that dE(!) be
omes
omplex Gaussian [Brillinger (1981)℄. Under this 
ondition and H,the statisti
^T (!) = (n� r)k dZ(!)� ds(l)(!) ^G(l)(!) k2 � k dZ(!)� ds(!) ^G(!) k2k dZ(!)� ds(!) ^G(!) k2is F2;2(n�r)-distributed, whereds(l)(!) = (dS1(!); : : : ;dSl�1(!);dSl+1(!); : : : ;dSr(!))0is obtained from ds(!) = (ds(l)(!);dSl(!)) by deleting the lth ve
tordSl(!), and ^G(l)(!) = (ds(l)(!)Hds(l)(!))�1(ds(l)(!)HdZ(!))[Shumway (1983)℄.A.M. Zoubir, Curtin University of Te
hnology 86



ICASSP-99 Tutorial, 15 Mar
h 1999'
&

$
%

Example (Cont'd)

Step 0. Experiment. Condu
t the experiment and 
al
ulatedS(!; 1); : : : ;dS(!; n), and dZ(!; 1); : : : ; dZ(!; n).Step 1. Resampling. Condu
t two totally independent re-sampling operations in whi
h fd�S(!; 1); : : : ; d�S(!; n)g isdrawn, with repla
ement, from fdS(!; 1); : : : ;dS(!; n)g,where dS(!; i) = (dS1(!; i); : : : ; dSr(!; i)); i = 1; : : : ; n, anda resample fd�^E(!; 1); : : : ; d�^E(!; n)g is drawn, with repla
e-ment, from fd ^E(!; 1); : : : ; d ^E(!; n)g, 
olle
ted into the ve
tord ^E(!) = (d ^E(!; 1); : : : ; d ^E(!; n))0, so thatd ^E(!) = dZ(!)� ds(!) ^G(!) :

A.M. Zoubir, Curtin University of Te
hnology 87
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Example (Cont'd)

Step 2. Generation of bootstrap data. Centre the frequen
y dataresamples and 
omputed�Z(!) = d�s(!) ^G(!) + d ^E(!) :The joint distribution of f(d�S(!; i); d�Z(!; i)); 1 � i �ng, 
onditional on X (!) = f(dS(!; 1); dZ(!; 1)); : : : ,(dS(!; n); dZ(!; n))g is the bootstrap estimate of the un
on-ditional joint distribution of X (!).Step 3. Cal
ulation of bootstrap estimates. With the new d�Z(!)and d�s(!), 
al
ulate the LSE ^G�(!), using the resamplesd�Z(!) and d�s(!), repla
ing dZ(!) and ds(!), respe
tively.

A.M. Zoubir, Curtin University of Te
hnology 88
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Example (Cont'd)

Step 4. Cal
ulation of the bootstrap statisti
. Cal
ulate thestatisti
, repla
ing ds(!), ds(l)(!), dZ(!), ^G(!), and ^G(l)(!)by their bootstrap 
ounterparts to yield ^T �(!).Step 5. Repetition. Repeat Steps 1{4 a large number of times,say N , to obtain ^T �1 (!); : : : ; ^T �N (!).Step 6. Distribution estimation. Approximate the distributionof ^T (!) by the distribution of ^T �(!) obtained.An alternative bootstrap approa
h to the one des
ribed here 
an beobtained by expressing ^T (!) using multiple 
oheren
es [Zoubir(1993,1994), Zoubir & Boashash (1998)℄.
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Example (Cont'd)

Let n = 20 be independent re
ords of St with r = 5 and let

Sl;t = KXk=1Ak;l 
os(!kt+�k;l) + Ul;t ; l = 1; : : : ; 5 ;

where Ak;l and �k;l are mutually independent random amplitudesand phases, respe
tively, !k are arbitrary resonan
e frequen
ies fork = 1; : : : ;K and Ul;t is a white noise pro
ess, l = 1; : : : ; r.With K = 4 and T = 128, we generated data for � and A from auniform distribution on the interval [0; 2�) and [0; 1), respe
tively.We sele
ted f1 = 0:1; f2 = 0:2; f3 = 0:3 and f4 = 0:4, wherefk = !k=2�, k = 1; : : : ; 4. The added noise was uniformly distributed.
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Example (Cont'd)
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Example (Cont'd)

We generated bandstop �lters (FIR �lters with 256 
oeÆ
ients) withbands 
entred about the four resonan
e frequen
ies f1; f2; f3 and f4.
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y response of the �rst 
hannel, G1(!), obtained using an FIR �lterwith 256 
oeÆ
ients.A.M. Zoubir, Curtin University of Te
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Example (Cont'd)

We �ltered St and added independent uniformly distributed noise Etto generate Zt (SNR = 5 dB with respe
t to the 
omponent Sl;t,l = 1; : : : ; r; t = 0; : : : ; T � 1, with highest power).
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tral estimate of Zt, dZ(!)HdZ(!)=n, with n = 20.A.M. Zoubir, Curtin University of Te
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Example (Cont'd)We sele
ted arbitrarily Gl(!), l = 1; : : : ; r, and tested H.
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hnology 94



ICASSP-99 Tutorial, 15 Mar
h 1999'
&

$
%

Regression Analysis (Cont'd)
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Outline

� Hypothesis Testing with the Bootstrap{ An Example: Testing the Frequen
y Response for Zero� Signal Dete
tion{ Examples1. Bootstrap Mat
hed-Filter2. Dete
tion of a Non-Gaussian Signal at Multiple Sensors� Model Sele
tion{ Linear Models
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Signal Dete
tion

� Dete
tion of signals in interferen
e is a key area in signalpro
essing appli
ations su
h as radar, sonar, andtele
ommuni
ations.� Dete
tion theory is well established when the interferen
e isGaussian.� In many appli
ations su
h as high-resolution radar and radar atlow grazing angles interferen
e su
h as 
lutter is non-Gaussian.� Existing methods for the dete
tion of signals in non-Gaussianinterferen
e are often 
umbersome and/or non-optimal

A.M. Zoubir, Curtin University of Te
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The Signal Dete
tion Problem

k+Transmitter Re
eiver- -?Signal s
Noise W

X = �s+W

Test the hypotheses:H : � = 0K : � > 0 aa

Re
eiver Stru
ture
^T (X) ^T ? �- - KH

A.M. Zoubir, Curtin University of Te
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Signal Dete
tion with the Mat
hed Filter

P s-x �����- ^T1�ps0s6
s

- -

^T = s0x�ps0s = s0Psx�ps0s � N  �ps0s� ; 1! ; Ps = ss0=s0s :

A.M. Zoubir, Curtin University of Te
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Performan
e of the Mat
hed Filter
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Signal Dete
tion with the CFAR Mat
hed Filter

k�

k��

P s-
x

- ?
I�P s k�k2

k�
- 6

s0ps0s

- - - - p 6? -

1=(n� 1)

? �

T = s0Psxp�2s0spx0(I�Ps)x=(n� 1)�2 � tn�1��ps0s� �
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Performan
e of the CFAR Mat
hed Filter
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Limitations of the Mat
hed Filter

� The mat
hed �lter and the CFAR mat
hed �lter are designed(and optimal) for Gaussian interferen
e.� Although they show high probability of dete
tion in thenon-Gaussian 
ase, they are unable to maintain the preset level ofsigni�
an
e for small sample sizes.� The mat
hed �lter fails in the 
ase where the interferen
e/noiseis non-Gaussian and the data size is small.� The goal is to develop te
hniques whi
h require little in the wayof modelling and assumptions.
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Outline

� Hypothesis Testing with the Bootstrap{ An Example: Testing the Frequen
y Response for Zero� Signal Dete
tion{ Examples1. Bootstrap Mat
hed-Filter2. Dete
tion of a Non-Gaussian Signal at Multiple Sensors� Model Sele
tion{ Linear Models
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The Signal Dete
tion Problem

k+Transmitter Re
eiver- -?Signal s
Noise W

X = �s+W

Test the hypotheses:H : � = 0K : � > 0 aa

Re
eiver Stru
ture
^T (X) ^T ? �- - KH

A.M. Zoubir, Curtin University of Te
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The Bootstrap Mat
hed Filter

Step 0. Experiment. Run the experiment and 
olle
t the dataxt; t = 0; : : : ; n� 1.Step 1. Estimation. Compute the LSE ^� of �, ^�^�, and^T = ^� � �^�^� ������=0 :Step 2. Resampling. Compute the residuals^wt = xt � ^�st; t = 0; : : : ; n� 1;and after 
entering, resample the residuals, assumed to bei.i.d., to obtain ^w�t , t = 0; : : : ; n� 1.

A.M. Zoubir, Curtin University of Te
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The Bootstrap Mat
hed Filter (Cont'd)

Step 3. Bootstrap Test Statisti
. Compute new measurementsx�t = ^�st + ^w�t ; t = 0; : : : ; n� 1 ;the LSE ^�� based on the resamples x�t , t = 0; : : : ; n� 1, and^T � = ^�� � ^�^��^�� :Step 4. Repetition. Repeat Steps 2 and 3 a large number of timesto obtain ^T �1 ; : : : ; ^T �N .Step 5. Bootstrap Test. Sort ^T �1 ; : : : ; ^T �N to obtain ^T �(1) � � � � �^T �(N). Reje
t H if ^T � ^T �(q), where q = b(1� �)(N + 1)
.
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Simulation Results (Gaussian Case)

Let st = sin(2�t=6), n = 10, N = 999 (25 for varian
e estimation),� = 5%, and the number of independent runs be 5,000.

N (0; 1), SNR=7 dBDete
tor ^Pf [%℄ ^Pd [%℄Mat
hed Filter (MF) 5 99CFAR MF 5 98Boot. (� known) 4 99Boot. (� unknown) 5 98A.M. Zoubir, Curtin University of Te
hnology 108
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Simulation Results (Non-Gaussian Case)

Let st = sin(2�t=6), n = 10, N = 999 (25 for varian
e estimation),� = 5%, and the number of independent runs be 5,000.

Wt �P4i=1 aiN (�i; �2i ) with a = (0:5; 0:1; 0:2; 0:2),� = (�0:1; 0:2; 0:5; 1), � = (0:25; 0:4; 0:9; 1:6), and SNR = -6 dBDete
tor ^Pf [%℄ ^Pd [%℄Mat
hed Filter (MF) 8 83CFAR MF 7 77Boot. (� known) 5 77Boot. (� unknown) 7 79A.M. Zoubir, Curtin University of Te
hnology 109
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Interpretation of the Results

� The bootstrap is able to maintain a 
onstant false alarm whilea
hieving a reasonably high dete
tion power.� These results 
an be improved in several ways, and the methodsextended to the 
orrelated data 
ase.� The bootstrap is not proposed as an alternative to existingnon-parametri
/parametri
 signal dete
tion s
hemes in thenon-Gaussian interferen
e 
ase.� The examples suÆ
e to show the power of the bootstrap in signaldete
tion when little is known about the distribution of theinterferen
e.
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Outline

� Hypothesis Testing with the Bootstrap{ An Example: Testing the Frequen
y Response for Zero� Signal Dete
tion{ Examples1. Bootstrap Mat
hed-Filter2. Dete
tion of a Non-Gaussian Signal at Multiple Sensors� Model Sele
tion{ Linear Models

A.M. Zoubir, Curtin University of Te
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Dete
tion of a Non-Gaussian Signal Common toTwo Sensors

Problem: Dete
tion of a non-Gaussian signal 
ommon to twosensors embedded in interferen
e whi
h is either mutuallyindependent at ea
h sensor or have a vanishing 
ross bispe
trum[Tugnait (1993), Ong et al. (1997)℄.
Sensor 2
receives

receives
Sensor 1

Source

Noisy System

x(t)

y(t)

A.M. Zoubir, Curtin University of Te
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Cross-Bispe
tral Dete
tion S
heme

� Let xt and yt be two jointly-stationary, zero-mean, dis
rete-timerandom pro
esses modelling the sensor output signals.� A dete
tion s
heme for the problem is based on testing the 
rossbispe
trum of the sensor output signals for zero, i.e.H : C(j; k) = 0;K : C(j; k) 6= 0; 8(j; k) 2 D0;

where C(j; k) = Cxxy(2�j=n; 2�k=n), is the 
ross bispe
trum ofxt and yt at dis
rete frequen
ies !j = 2�j=n; !k = 2�k=n, andD0 = f(j; k) : jjj < k < n=2g.

A.M. Zoubir, Curtin University of Te
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Limitations with Existing Methods

� Current dete
tion methods [Tugnait (1993)℄ based on the 
rossbispe
trum assume enough data are available for asymptoti
results to apply.� In some appli
ations these assumptions are not valid leading todegradation in the dete
tor performan
e.� Spe
i�
ally, for small sample sizes, the probability of false alarmis not maintained at the nominal level.Problem: Seek a solution in the 
ase where the data size is smalland asymptoti
 tests are inappli
able.

A.M. Zoubir, Curtin University of Te
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Prin
iple of the Bootstrap Pro
edure

We use the following approximate regressionIxxy(j; k) = Cxxy(j; k) + "(j; k)V (j; k);where Ixxy(j; k) = 1ndx(j)dx(k) �dy(j + k)and V (j; k)2 = n[1 + Æ(j � k)℄Cxx(j)Cxx(k)Cyy(j + k):This regression is 
onsistent with asymptoti
 results.

A.M. Zoubir, Curtin University of Te
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Bootstrap Pro
edure (Cont'd)

Step 1. Cal
ulate I(i)(j; k), i = 1; : : : ; P and ^C(j; k) =1P PPi=1 I(i)(j; k), (j; k) 2 D0.Step 2. Form residuals of the regression^"(i)(j; k) = I(i)(j; k)� ^C(j; k)^V (i)(j; k)Step 3. Repeat N times (after mean-subtra
ting ^"(i)(j; k)):I(i)�b (j; k) = ^C(j; k) + ^"(i)�b (j; k) ^V (i)(j; k)^C�b (j; k) = 1P PXi=1 I(i)�b (j; k); b = 1; : : : ; N:

A.M. Zoubir, Curtin University of Te
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Bootstrap Pro
edure (Cont'd)

Step 4. Cal
ulate test statisti
^T = X(j;k)2D0
����� ^C(j; k)� C0(j; k)^�(j; k) ����� :Step 5. Cal
ulate the bootstrap statisti
s^T �b = X(j;k)2D0

����� ^C�b (j; k)� ^C(j; k)^��b (j; k) ����� ; b = 1; : : : ; N :

Step 6. Rank ^T �1 ; : : : ; ^T �N to obtain ^T �(1) � : : : � ^T �(N).Step 7. Reje
t the null hypothesis if ^T > ^T �(b(N+1)(1��)
).

A.M. Zoubir, Curtin University of Te
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GLRT Simulation Results

Interferen
e % False Alarms % Dete
tedCommon i.i.d. 5 99Gaussian AR(1) 6 99interferen
e AR(5) 6 99Independent i.i.d. 31 99exponential AR(1) 30 99interferen
e AR(5) 28 99Dete
tion results for a 
ommon MA(10) exponential signal in Gaussian andnon-Gaussian interferen
e for n = 512 and � = 5%.A.M. Zoubir, Curtin University of Te
hnology 118
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Bootstrap Simulation Results (Cont'd)

Interferen
e % False Alarms % Dete
tedCommon i.i.d. 4 93Gaussian AR(1) 1 94interferen
e AR(5) 1 93Independent i.i.d. 8 94exponential AR(1) 1 93interferen
e AR(5) 1 95Dete
tion results for a 
ommon MA(10) exponential signal in Gaussian andnon-Gaussian interferen
e for n = 512 and � = 5%.A.M. Zoubir, Curtin University of Te
hnology 119
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Dete
tion of a Non-Gaussian Signal Common toMultiple Sensors

Problem: How 
an the dete
tion that uses measurements from twosensors be extended when measurements are available from multiplesensors so that a higher probability of dete
tion is a
hieved?Relevan
e: This problem is important in array pro
essingappli
ations su
h as in sonar, radar, and 
ommuni
ations.Solution: We propose the use of the Bonferroni test of multiplehypotheses 
oupled with a bootstrap method [Ong & Zoubir (1997)℄.

A.M. Zoubir, Curtin University of Te
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Multiple Tests

� Let x1;t; : : : ; xL+1;t, t = 0; : : : ; n� 1, be the dis
rete-timemeasurements from L+ 1 sensors.� They are assumed to be zero-mean, jointly stationary, randomsequen
es.� A non-Gaussian signal 
ommon to any two adja
ent sensors 
anbe dete
ted by testing the multiple hypotheses,Hl : Cxlxlxl+1(j; k) � 0;Kl : Cxlxlxl+1(j; k) 6� 0; l = 1; : : : ; L;

where Cxlxlxl+1(j; k) is the 
ross bispe
trum of xl;t and xl+1;tevaluated at dis
rete bifrequen
ies (2�j=n; 2�k=n).A.M. Zoubir, Curtin University of Te
hnology 121
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Multiple Tests (Cont'd)

1. Apply a dete
tion method for two sensors on xl;t and xl+1;t forl = 1; : : : ; L.2. Form a set of L p-values, P1; : : : ; PL.3. Compare the minimum p-value, P(1), to �=L, where � is thenominal test level.4. If P(1) < �=L, 
on
lude that a non-Gaussian signal is present inat least two adja
ent sensors.Using the Bonferroni level, �=L, limits the global level to �.This pro
edure is equivalent to running two sensor tests with �=L instead of� and reje
ting if any test reje
ts.A.M. Zoubir, Curtin University of Te
hnology 122
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Simulation Results

Dete
tion of an MA(10) exponential signal in AR(1) (left plot) andAR(5) (right plot) Gaussian interferen
e (512 data points):
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In all 
ases, % false alarms = 0 (100 simulation runs)
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Simulation Results (Cont'd)

Dete
tion of an MA(10) exponential signal in AR(1) (left plot) andAR(5) (right plot) exponential interferen
e (512 data points):
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Outline

� Hypothesis Testing with the Bootstrap{ An Example: Testing the Frequen
y Response for Zero� Signal Dete
tion{ Examples1. Bootstrap Mat
hed-Filter2. Dete
tion of a Non-Gaussian Signal at Multiple Sensors� Model Sele
tion{ Linear Models
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Model Sele
tion

� Several model sele
tion pro
edures exist. They in
lude Akaike'sinformation 
riterion, Rissanen's minimum des
ription length
riterion, and Hannan and Quinn's 
riterion.� Bootstrap methods for model sele
tion are simple and
omputationally eÆ
ient.� If one uses a bootstrap approa
h for the model sele
tion and forthe subsequent inferen
e, then the bootstrap observationsgenerated for model sele
tion 
an also be used in the inferen
epro
edure.� Thus, the model sele
tion pro
edure 
an be done at no extra
omputational 
ost.A.M. Zoubir, Curtin University of Te
hnology 126
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Outline

� Hypothesis Testing with the Bootstrap{ An Example: Testing the Frequen
y Response for Zero� Signal Dete
tion{ Examples1. Bootstrap Mat
hed-Filter2. Dete
tion of a Non-Gaussian Signal at Multiple Sensors� Model Sele
tion{ Linear Models
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Model Sele
tion in Linear Models

Consider the linear modelYt = x0tb+ Zt; t = 0; : : : ; n� 1;where Zt is a set of i.i.d. random variables of unknown distributionwith �Z = 0 and �2Z > 0, and b is an unknown p-ve
tor parameter.Here, xt is the t-th value of the p ve
tor of explanatory variables,assumed to be known.With Y = (Y0; : : : ; Yn�1)0, x = (x0; : : : ;xn�1)0, b = (b1; : : : ; bp)0 andZ = (Z0; : : : ; Zn�1)0, we have
Y = xb+Z :A.M. Zoubir, Curtin University of Te
hnology 128
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Model Sele
tion in Linear Models (Cont'd)

With � being as subset of f1; : : : ; pg, a model 
orresponding to � isgiven by Y = x�b� +Z ;where b� is a sub-ve
tor of b 
ontaining the 
omponents of b indexedby integers in � and x� is a matrix 
ontaining the 
olumns of xindexed by integers in �.Problem: Estimate �0 based on y0; : : : ; yn�1, where �0 is su
h thatb�0 
ontains all non-zero 
omponents of b only.

A.M. Zoubir, Curtin University of Te
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Model Sele
tion in Linear Models (Cont'd)

We 
onsider an estimator of the mean-squared error given by�n(�) = 1n n�1Xt=0 �Yt � x0�t^b��2 = kY � x�^b�k2nwith x0�t being the t-th row of x� and ^b� the LSE for b� . Then,E[�n(�)℄ = �2Z � �2Zp�n +�n(�);where �n(�) = n�1�0(I � x�(x0�x�)�1x0�)�, with � = E[Y ℄,h� = x�(x0�x�)�1x0� being the p� p proje
tion matrix and p� is thesize of b� . If � is 
orre
t, then �n(�) = 0.Model Sele
tion: Minimise E[�n(�)℄ over �.A.M. Zoubir, Curtin University of Te
hnology 130
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Model Sele
tion in Linear Models (Cont'd)

� A bootstrap model sele
tion approa
h would minimise over �~�n(�) = 1n n�1Xt=0 E� �yt � x0t�^b���2 = E� "ky � x�^b��k2n # ;

where ^b�� is the LSE based on (y�t ;x�t).� The estimator ~�n(�) is biased. A better estimator is given by^��n;m(�) = E� "ky � x�^b��;mk2n # ;

where ^b��;m is obtained from y�t = x0�t^b� + ^z�t , t = 0; : : : ; n� 1,with ^z�t being a resample from pn=m(^zt � ^z�)=p1� p=n and^z� = n�1Pn�1t=0 ^zt.A.M. Zoubir, Curtin University of Te
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Model Sele
tion in Linear Models (Cont'd)

Step 1. Based on y0; : : : ; yn�1, 
ompute the LSE ^b and ^zt =yt � x0�t^b�, t = 0; : : : ; n� 1, where � = f1; : : : ; pg.Step 2. Resample with repla
ement from pn=m(^zt �^z�)=p1� p=n to obtain ^z�t , where mn ! 0 andnm maxt�n h�t ! 0 for all � in the 
lass of models tobe sele
ted.Step 3. Compute y�t = x0�t^b� + ^z�t , t = 0; : : : ; n� 1 and the LSE^b��;m from (y�t ;x�t).Step 4. Repeat Steps 2-3 to obtain ^b�(i)�;m and ^��(i)n;m(�) for i =1; : : : ; N .Step 5. Average ^��(i)n;m(�) over i = 1; : : : ; N and minimise over �to obtain ^�0.A.M. Zoubir, Curtin University of Te
hnology 132
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Example: Trend EstimationLet xt = (1; t; : : : ; tp), t = 0; : : : ; 63 and b = (0; 0; 0:035;�0:0005)0.We simulate Yt = x0tb+Zt by adding standard normal andt3-distributed noise. With N = 100 and m = 2 we obtain thefollowing results (based on 1,000 simulations).N (0; 1) t3Model � ^�� AIC MDL ^�� AIC MDL(0; 0; b2; b3) 100 91 98 99 89 98(0; b1; b2; b3) 0 5 1 1 5 1(b0; 0; b2; b3) 0 3 1 0 3 1(b0; b1; b2; b3) 0 2 0 0 3 0Empiri
al probabilities (%), ex
luding models not sele
ted by any method.A.M. Zoubir, Curtin University of Te
hnology 133
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Model Sele
tion in Non-Linear Models

We de�ne a nonlinear model byYt = g(xt; b) + Zt; t = 0; : : : ; n� 1;where Zt is a noise sequen
e of i.i.d. random variables of unknowndistribution with �Z = 0 and �2Z > 0, and g is a known fun
tion.De�ne the 
olle
tion of subsets of � = f1; : : : ; pg by B andg�t(b�) = g�(x�t; b�), where � 2 B and g� is the restri
tion of thefun
tion g to the admissible set of (x�t; b�). Let ~B be the admissibleset for b.With _g(
) = �g(
)�
 and m�(
) =Pn�1t=0 _g�t(
) _g�t(
)0, a 
onsistentbootstrap pro
edure for sele
ting � is as follows.

A.M. Zoubir, Curtin University of Te
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Model Sele
tion in Non-Linear Models (Cont'd)

Step 1. With yt, t = 0; : : : ; n � 1, �nd ^b�, the solution ofPn�1t=0 (yt � g�t(
)) _g�t(
) = 0, for all 
 2 ~B and the residu-als ^zt = yt � g�t(^b�), t = 0; : : : ; n� 1.Step 2. Get ^z�t by resampling pn=m(^zt � ^z�)=p1� p=n.Step 3. Compute ^b��;m = ^b� +m�(^b�)�1Pn�1t=0 ^z�t _g�t(^b�).Step 4. Repeat Steps 2-3 to obtain ^b�(i)�;m, i = 1; : : : ; N .Step 5. To �nd ^�0, minimise over �

^��n;m(�) = N�1 NXi=1 n�1Xt=0
�yt � g�t(^b�(i)�;m)�2n :

A.M. Zoubir, Curtin University of Te
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Example: Os
illations in Noise

Let Yt = 
os!1t(1 + 
os!2t) + Zt, t = 0; : : : ; 39. In this 
aseB = f�k; k = 1; 2; 3g so that g�1t(b�1) = 2 
os!1t (!2 = 0),g�2t(b�2) = 1 + 
os!2t (!1 = 0), and g�3t(b�3) = 
os!1t(1 + 
os!2t)(!1; !2 6= 0).We 
hose !1 = 0:2� and !2 = 0:1� and run simulations at �1:2 dBSNR with m = 35. Method �1 �2 �3Bootstrap 3 0 97AIC 0 3 97MDL 0 5 95Empiri
al probabilities (%) based on 100 simulations.A.M. Zoubir, Curtin University of Te
hnology 137
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Order Sele
tion in Autoregressive Models

Consider Yt = b1Yt�1 + b2Yt�2 + � � � bpYt�p + Zt; t 2 Z ;where p is the order, bk, k = 1; : : : ; p, are unknown parameters andZt are i.i.d. random variables with �Z = 0 and �2Z > 0. Let(y�p; : : : ; y�1; y0; : : : ; yn�1) be observations and ^b the LSE ofb = (b1; : : : ; bp)0.Sele
t a model � from B = f1; : : : ; pg where ea
h � 
orresponds to theautoregressive model of order �, i.e., Yt = b1Yt�1 + � � � b�Yt�� + Zt.Obje
tive: Find the optimal order, i.e.,�0 = max fk : 1 � k � p; bk 6= 0g, where p is the largest order.

A.M. Zoubir, Curtin University of Te
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Order Sele
tion in Autoregressive Models (Cont'd)

Step 1. Resample the residuals (^zt � ^z�) to obtain ^z�t .Step 2. Find ^b��;m the LSE of b� under � from y�t =P�k=1 ^bky�t�k + ^z�t for t = �p; : : : ;m � 1; with m repla
ingn and �y��p; : : : ; y�0	 repla
ing �y��2p; : : : ; y��p�1	.Step 3. Repeat Steps 1-2 to obtain ^b�(1)�;m; : : : ; ^b�(N)�;m and

^��n;m(�) = N�1 NXi=1 n�1Xt=0
�yt �P�k=1 yt�k+1^b�(i)k;m�2nStep 5. Minimise ^��n;m(�) over � to �nd ^�0.The pro
edure is 
onsistent for m!1 and m=n! 0 as n!1.

A.M. Zoubir, Curtin University of Te
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Example: Order Sele
tion in an AR Model

We 
onsider determining the order of the pro
ess des
ribed byYt = �0:4Yt�1 + 0:2Yt�2 + Zt; t 2 Z;where Zt is a standard Gaussian variable. With n = 128 we obtained:Method � = 1 � = 2 � = 3 � = 4Bootstrap 28.0 65.0 5.0 2.0AIC 17.8 62.4 12.6 7.2MDL 43.2 54.6 2.1 0.1

Empiri
al Probabilities (%) of sele
ting the true AR model, �0 = 2, n = 128and m = 40, based on 1,000 simulations.A.M. Zoubir, Curtin University of Te
hnology 141
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More Appli
ations in Signal Pro
essing

The relatively simple examples showed that the bootstrap is powerful.This suggests its use in real-life appli
ations and more 
omplexproblems. We show now how the bootstrap 
an be applied for:1. Con�den
e Intervals for Spe
tra [Franke & H�ardle (1992), Politis et al.(1992), Zoubir & Iskander (1996)℄2. Bispe
trum Based Gaussianity Tests [Zoubir & Iskander (1996,1999)℄3. Noise Floor Estimation in Radar [Zoubir & Boashash (1996)℄4. Con�den
e Intervals for Flight Parameters in Passive Sonar [Reid etal. (1996), Zoubir & Boashash (1998)℄.5. Model Sele
tion of Polynomial Phase Signals [Zoubir & Iskander(1998,1999)℄.A.M. Zoubir, Curtin University of Te
hnology 143
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Con�den
e Intervals for Spe
tra

� Several methods for spe
trum estimation exist [Brillinger (1981),Priestley (1981), Marple (1987), Kay (1989)℄.� It is often desirable to provide a 
on�den
e interval for thespe
trum based on the estimate as an a

ura
y measure.� We present three di�erent methods based on the bootstrap toestimate 
on�den
e bands for the power spe
trum.� These methods are 
ompared with the 
hi-squared approximationfor both Gaussian and non-Gaussian weakly dependent timeseries.
A.M. Zoubir, Curtin University of Te
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Con�den
e Intervals for Spe
tra (Cont'd)

Let X0; : : : ; Xn�1 be observations from a stri
tly stationaryreal-valued time series Xt with �X = 0, �2X > 0 and spe
tral densityCXX(!) = 12� 1X�=�1EX0Xj� j e�j � !:Denote the periodogram [Brillinger (1981), Marple(1987)℄ by

IXX(!) = 12�n �����n�1Xk=0 Xk ej k !�����2 ; �� � ! � � :

A.M. Zoubir, Curtin University of Te
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Con�den
e Intervals for Spe
tra (Cont'd)

We will 
onsider a kernel estimate of CXX(!)^CXX(!; h) = 1nh MXk=�M K �! � !kh � IXX(!k) ;� K(�) is symmetri
 and nonnegative (here Bartlett-Priestleywindow [Priestley (1981)℄),� h is its bandwidth,� M denotes the largest integer � n=2� !k = 2�k=n, �M � k �M .

A.M. Zoubir, Curtin University of Te
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Con�den
e Intervals for Spe
tra (Cont'd)

Asymptoti
ally for large n, ^CXX(!1); : : : ; ^CXX(!M ) are independentvariates with distribution CXX(!k)�24m+2=(4m+ 2), k = 1; : : : ;Mwith m = b(hn� 1)=2
.A 100�% 
on�den
e interval [Brillinger (1981)℄ is given by(4m+ 2) ^CXX(!; h)�24m+2 � 1+�2 � < CXX(!) < (4m+ 2) ^CXX(!; h)�24m+2 � 1��2 � ;where �2�(�) is su
h that Pr [�2� < �2�(�)℄ = �.An alternative method proposed by Franke & H�ardle (1992) ispresented below. It exploits the approximate regression"k = IXX(!k)=CXX(!k), k = 1; : : : ;M .

A.M. Zoubir, Curtin University of Te
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Con�den
e Intervals for Spe
tra (Cont'd)

Step 1. Compute Residuals. Choose an hi > 0 whi
h does notdepend on ! and 
ompute^"k = IXX(!k)^CXX(!k;hi) ; k = 1; : : : ;M:Step 2. Res
aling. Res
ale the empiri
al residuals to

~"k = ^"k^" ; k = 1; : : : ;M; ^" = 1M MXj=1 ^"j :Step 3. Resampling. Draw independent bootstrap residuals~"�1; : : : ; ~"�M from the empiri
al distribution of ~"1; : : : ; ~"M .
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Con�den
e Intervals for Spe
tra (Cont'd)

Step 4. Bootstrap estimates. With a bandwidth g, �ndI�XX(!k) = I�XX(�!k) = ^CXX(!k; g) ~"�k; k = 1; : : : ;M;^C�XX(!;h) = 1nh MXk=�MK �! � !kh � I�XX(!k):Step 5. Con�den
e bands estimation. Repeat Steps 3 � 4 and�nd 
�U (and pro
eed similarly for 
�L) su
h that

Pr� pnh ^C�XX(!;h)� ^CXX(!; g)^CXX(!; g) � 
�U! = � :

That is f1+ 
�U (nh)�1=2g�1 ^CXX(!;h) is the upper bound ofan (1� 2�)%-
on�den
e interval for CXX(!).A.M. Zoubir, Curtin University of Te
hnology 150
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Simulation ResultsConsider the AR pro
essXt = 0:5Xt�1 � 0:6Xt�2 + 0:3Xt�3 � 0:4Xt�4 + 0:2Xt�5 + "t ;where "t is an i.i.d. N (0; 1) pro
ess. With n = 256, N = 399 andh = 0:1, we obtain the following 95% 
on�den
e interval.
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Simulation Results (Cont'd)Consider the AR pro
essYt = Yt�1 � 0:7Yt�2 � 0:4Yt�3 + 0:6Yt�4 � 0:5Yt�5 + �t ;where �t is an i.i.d. U(�2:5; 2:5) pro
ess. With n = 256, N = 399 andh = 0:1, we obtain the following 95% 
on�den
e interval.
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The Blo
k of Blo
ks Bootstrap

The blo
k of blo
ks bootstrap initially suggested in [K�uns
h (1989)℄was proposed for setting 
on�den
e bands for spe
tra in [Politis &Romano (1992)℄. An appli
ation of the blo
k of blo
ks bootstrap tohigher-order 
umulants 
an be found in [Zhang et al. (1993)℄.
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Blo
k of Blo
ks Bootstrap for Spe
tra

Step 1. First blo
k. Given X0; : : : ; Xn�1, obtain Q overlapping(0 < M < L) or non-overlapping (M = 0) segments of Lsamples and estimate ^C(i)XX(!), i = 1; : : : ; Q.Step 2. Se
ond blo
k. Divide ^C(1)XX(!); : : : ; ^C(Q)XX(!) into q over-lapping (0 < h < l) or non-overlapping (h = 0) blo
ks, sayCj , j = 1; : : : ; q, ea
h 
ontaining l estimates.Step 3. Resampling. Generate k bootstrap samples y�1 ; : : : ; y�k ofsize l ea
h, from C1; : : : ; Cq.Step 4. Reshaping. Con
atenate y�1 ; : : : ; y�k into a ve
tor Y� andestimate ^C�XX(!).Step 5. Con�den
e interval. Repeat Steps 3-4 and pro
eed asbefore to obtain a 
on�den
e interval for CXX(!).

A.M. Zoubir, Curtin University of Te
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Simulation ResultsConsider the AR pro
ess driven by an i.i.d. N (0; 1) pro
ess:Xt = 0:5Xt�1 � 0:6Xt�2 + 0:3Xt�3 � 0:4Xt�4 + 0:2Xt�5 + "t :With n = 2; 000; L = 128; M = 20; l = 6; h = 2 and N = 100, weobtain the following 95% 
on�den
e interval, based on 100 runs.
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Simulation Results (Cont'd)Consider the AR pro
ess driven by an i.i.d. U(�2:5; 2:5) pro
ess:Yt = Yt�1 � 0:7Yt�2 � 0:4Yt�3 + 0:6Yt�4 � 0:5Yt�5 + �t :With n = 2; 000; L = 128; M = 20; l = 6; h = 2 and N = 100, weobtain the following 95% 
on�den
e interval, based on 100 runs.
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Testing for Departure from Gaussianity

� Tests for departure from Gaussianity [Subba Rao & Gabr (1980),Hini
h (1982)℄ have re
eived 
onsiderable interest among signalpro
essing pra
titioners [Swami et al. (1995)℄.� A limitation of the tests is the large amount of data required forthe asymptoti
 distribution of the test statisti
s to hold.� The bootstrap 
an be used to test for departure from Gaussianitywith high power while maintaining the level of signi�
an
e, evenfor small sample sizes [Zoubir & Iskander (1999)℄.� The bootstrap 
an also be used to set 
on�den
e bands for thebi
oheren
e [Zoubir & Iskander (1996)℄.
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Testing for Departure from Gaussianity (Cont'd)

� Let X0; : : : ; Xn�1 be observations from a stri
tly stationaryreal-valued time-series Xt, t 2 Z , with �X = 0; �2X > 0 andCXXX(!j ; !k);�� � (!j ; !k) � �.� For a Gaussian pro
ess (as well as any other symmetri
 pro
ess)CXXX(!j ; !k) � 0. Testing the bispe
trum for zero may be seenas testing for departure from Gaussianity.� Reje
tion of the hypothesis implies that the pro
ess isnon-Gaussian; otherwise, it may be non-Gaussian.� We would test CXXX(!j ; !k) for zero when !j and !k arerestri
ted to 0 � !k � !j , !k + 2!j � 2� due to symmetry.

A.M. Zoubir, Curtin University of Te
hnology 159



ICASSP-99 Tutorial, 15 Mar
h 1999'
&

$
%

Testing for Departure from Gaussianity (Cont'd)

Divide the observations Xt, t = 0; : : : ; T � 1 into P non-overlappingsegments of n 
onse
utive measurements and 
al
ulate theperiodogram I(i)XXX(!j ; !k) for ea
h segment i = 1; : : : ; P ,I(i)XXX(!j ; !k) = 1nd(i)X (!j)d(i)X (!k) �dX (i)(!j + !k); �� � !j ; !k � � ;where d(i)X (!i) is the �nite Fourier transform of the i-th segment and�dX is its 
omplex 
onjugate.An estimate of CXXX(!j ; !k) is obtained through^CXXX(!j ; !k) = 1P PXi=1 I(i)XXX(!j ; !k):

A.M. Zoubir, Curtin University of Te
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Testing for Departure from Gaussianity (Cont'd)

Our pro
edure is based on the approximate regressionI(i)XXX(!j ; !k) = CXXX(!j ; !k) + "j;kV (!j ; !k); (j; k) 2 D;

V (!j ; !k)2 = nCXX(!j)CXX(!k)CXX(!j + !k)� [1 + Æ(j � k) + Æ(n� 2j � k) + 4Æ(n� 3j)Æ(n� 3k)℄ :Herein, CXX(!) is the spe
trum of Xt, Æ(k) is Krone
ker's deltafun
tion, !j = 2�j=n and !k = 2�k=n are dis
rete frequen
ies andD = f0 < k � j; 2j + k � ng.We shall assume that "j;k are independent and identi
ally distributedrandom variates whi
h holds for a reasonably large n.A.M. Zoubir, Curtin University of Te
hnology 161
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Testing for Departure from Gaussianity (Cont'd)

Step 1. Cal
ulate I(i)XX(!j), I(i)XXX(!j ; !k), ^CXX(!j),^CXXX(!j ; !k), ^�(!j ; !k) (using the bootstrap) and~C = Xj;k2D j ^CXXX(!j ; !k)j^�(!j ; !k) :Step 2. For ea
h segment, estimate the residuals^"(i)j;k = I(i)XXX(!j ; !k)� ^CXXX(!j ; !k)^V (!j ; !k) ; j; k 2 D :Step 3. Centre the residuals to obtain ~"(i)j;k = ^"(i)j;k � �"(i), i =1; : : : ; P , where �"(i) is an average over all ^"(i)j;k.
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Testing for Departure from Gaussianity (Cont'd)

Step 4. Draw independent bootstrap residuals ~"(i)�j;k .Step 5. Compute the bootstrap biperiodogram ordinatesI(i)�XXX(!j ; !k) = ^CXXX(!j ; !k) + ~"(i)�j;k ^V (!j ; !k):Step 6. Obtain the bootstrap bispe
tral estimate^C�XXX(!j ; !k) = 1P PXi=1 I(i)�XXX(!j ; !k) ;Step 7. Compute the statisti
~C� = Xj;k2D j ^C�XXX(!j ; !k)� ^CXXX(!j ; !k)j^��(!j ; !k) :
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Testing for Departure from Gaussianity (Cont'd)Step 8. Repeat Steps 4�7 a large number of times, to obtain atotal of N bootstrap statisti
sa ~C�1 ; : : : ; ~C�N .Step 9. Rank the 
olle
tion ~C�1 ; : : : ; ~C�N into in
reasing order toobtain ~C�(1) � � � � � ~C�(N). Reje
t the hypothesis of Gaussian-ity at level � if ~C > ~C�(q), where q = b(N + 1)(1� �)
.a^��(!j ; !k)2 is obtained as follows. For ea
h I�XXX (!j ; !k), repeat Steps3{6 (nested bootstrap) a small number of times e.g., B = 25), repla
ing^CXXX (!j ; !k) and I(i)�XXX (!j ; !k) by ^C�XXX (!j ; !k) and I(i)��XXX (!j ; !k), re-spe
tively. Then, 
ompute^��(!j ; !k)2 = 1B � 1 BXb=1 ^C��(b)XXX (!j ; !k)� 1B BXb0=1 ^C��(b0)XXX (!j ; !k)!2 ;where ^C��(b)XXX (!j ; !k), b = 1; : : : ; B1, is a bootstrap version of ^C�XXX (!j ; !k).A.M. Zoubir, Curtin University of Te
hnology 164
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Simulation Results

We 
onsidered three pro
esses:� a white pro
ess� an auto-regressive pro
ess of order �ve [AR(5)℄, and� a moving-average pro
ess of order two [MA(2)℄.Spe
i�
ally, we assumed X1;t = Yt,X2;t = 0:5Xt�1 � 0:6Xt�2 + 0:3Xt�3 � 0:4Xt�4 + 0:2Xt�5 + Yt;X3;t = 0:5Yt + 0:3Yt�1 + 0:5Yt�2; t 2 Z ;where Yt is an independent random pro
ess with distribution FY ,
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Simulation Results

FY i.i.d. AR(5) MA(2)N(0; 1) 6 4 16U(0; 1) 2 7 6�22 92 91 88�28 39 34 14Lapla
e 23 27 20K(1; 1) 62 66 44LogN 100 100 98Reje
tion rate (� = 5%) usingSubba-Rao and Gabr's test (T =256).

FY i.i.d. AR(5) MA(2)N(0; 1) 5 2 1U(0; 1) 5 2 1�22 95 72 63�28 69 22 12Lapla
e 16 2 1K(1; 1) 78 42 20LogN 100 91 77Reje
tion rate (� = 5%) using thebootstrap test (T = 256, n = 22).
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Simulation Results

FY i.i.d. AR(5) MA(2)N(0; 1) 8 8 7U(0; 1) 7 4 10�22 100 100 98�28 61 48 32Lapla
e 39 38 45K(1; 1) 85 82 68LogN 100 100 96Reje
tion rate (� = 5%) usingSubba-Rao and Gabr's test (T =512).

FY i.i.d. AR(5) MA(2)N(0; 1) 3 2 3U(0; 1) 6 1 2�22 100 94 89�28 89 60 38Lapla
e 14 8 3K(1; 1) 98 84 57LogN 100 100 93Reje
tion rate (� = 5%) using thebootstrap test (T = 512, n = 22).

A.M. Zoubir, Curtin University of Te
hnology 167



ICASSP-99 Tutorial, 15 Mar
h 1999'
&

$
%

Interpretation of the Results

� Subba Rao and Gabr's test is unable to maintain the 5% level ofsigni�
an
e for symmetri
 pro
esses, e.g. for 
oloured Gaussianor independent/
oloured Lapla
e pro
ess.� The test based on the bootstrap maintains the nominal level ofsigni�
an
e at below 5%, ex
ept in the 
ase of independentuniform and Lapla
e pro
esses for T = 512.� A 
omparison of power is appropriate only if the tests maintainthe same nominal level of signi�
an
e. We found that thebootstrap test a
hieves power 
omparable to or better thanSubba Rao and Gabr's test.

A.M. Zoubir, Curtin University of Te
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Con�den
e Bands estimation for the Bi
oheren
e

� We 
an use the above method to set 
on�den
e bands for higherorder spe
tra or 
umulants.� Repeating steps 4{6 a large number of times, one 
an obtain atotal of N bootstrap estimates of the bi
oheren
e, asj ^C�(1)XXX(!j ; !k)j=^�(!j ; !k); : : : ; j ^C�(B)XXX(!j ; !k)j=^�(!j ; !k):� After sorting these estimates at ea
h frequen
y pair (!j ; !k) oneis able to determine the 
on�den
e bands using estimatedper
entiles obtained as in the above pro
edure [Zoubir &Iskander (1996,1999)℄.
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Con�den
e Bands estimation for the Bi
oheren
e
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Outline

� Model Sele
tion{ Non-Linear Models{ Order Sele
tion in Autoregressive Models� More Appli
ations in Signal pro
essing{ Con�den
e Intervals for Spe
tra{ Bispe
trum Based Gaussianity Tests{ Noise Floor Estimation in Radar{ Con�den
e Intervals for Flight Parameters in Passive Sonar{ Model Sele
tion of Polynomial Phase Signals� Summary� A
knowledgements
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Noise Floor Estimation in Radar

� The noise 
oor is one of the main radar performan
e statisti
s.� It is 
omputed by taking a trimmed mean of power estimates inthe Doppler spe
trum, after ex
luding the low Doppler powerasso
iated with any stationary targets or ground 
lutter.� The radar operator requires an optimal value for the trim andalso supplementary information des
ribing the a

ura
y of the
omputed noise 
oor estimate.� The limited number of samples available and the non-Gaussiannature of the noise �eld make it parti
ularly diÆ
ult to estimate
on�den
e measures reliably. This suggests the use of thebootstrap.A.M. Zoubir, Curtin University of Te
hnology 172
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Optimal Sele
tion of the Trim

� The goal is to use the bootstrap to optimally sele
t the amountof trimming, �, say.� The problem 
an be stated as one of estimation of � from a 
lassof estimates f^�(�) : � 2 Ag indexed by a parameter �, whi
h issele
ted a

ording to some optimality 
riterion.� It is reasonable to use the estimate that leads to a minimumvarian
e. Be
ause the varian
e of ^�(�) may depend on unknownparameters, the optimal parameter �o is unknown.

A.M. Zoubir, Curtin University of Te
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Optimal Sele
tion of the Trim (
ont'd)

� The obje
tive is to �nd � by estimating the unknown varian
e of^�(�) and sele
t � whi
h minimises the varian
e estimate.� The problem of trimming has been solved theoreti
ally [Jae
kel(1971)℄ for the mean of symmetri
 distributions. The trim is,however, restri
ted to the interval [0; 25℄%.� In addition to the fa
t that for a small sample size asymptoti
results are invalid, expli
it expressions for the asymptoti
varian
e may not be available outside the interval [0; 25℄%.

A.M. Zoubir, Curtin University of Te
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An Example: Sele
tion of the Trim for the Mean

� Let X = fX1; : : : ; Xng be a random sample drawn from adistribution fun
tion F .� Let X(1); : : : ; X(n) denote the order statisti
s.� For an integer � less then n=2, the �-trimmed mean based on thesample X is given by^�(�) = 1n� 2� n��Xi=�+1X(i)� For an asymmetri
 distribution we use the ��-trimmed mean:^�(�; �) = 1n� �� � n��Xi=�+1X(i) ; �; � < n=2 :

A.M. Zoubir, Curtin University of Te
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Example

Step 1. Initial 
onditions. Sele
t the initial trim � = 0 and � = 0.Step 2. Resampling. Using a pseudo-random number generator,draw a large number, say N , of independent samplesX �1 = fX�11; : : : ; X�1ng; : : : ;X �N = fX�N1; : : : ; X�Nngof size n from X . Ea
h sample is taken with repla
ement.Step 3. Cal
ulation of the bootstrap statisti
. For ea
h bootstrapsample X �j , j = 1; : : : ; N , 
al
ulate the trimmed mean

^��j (�; �) = 1n� �� � n��Xi=�+1X�j(i); j = 1; : : : ; N:

A.M. Zoubir, Curtin University of Te
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Example (
ont'd)

Step 4. Varian
e estimation. Using bootstrap based trimmed meanvalues, 
al
ulate the estimate of the varian
e

^��2 = 1N � 1 NXj=1
0�^��j (�; �)� 1N NXj=1 ^��j (�; �)
1A2 :

Step 5. Repetition. Repeat steps 2{4 using di�erent 
ombinations ofthe trim � and �.Step 6. Optimal trim. Choose the setting of the trim that results ina minimal varian
e estimate.

A.M. Zoubir, Curtin University of Te
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Noise Floor Estimation in Radar

� In radar, we estimate residuals for the Doppler spe
trum bytaking the ratio of the periodogram and a spe
tral estimate ofthe raw data. The residuals are used for resampling to generatebootstrap spe
tral estimates as in a previous example.� We pro
eed as in the example for the trimmed mean, repla
ingXi by ^CXX(!i), where !i = 2�i=n, i = 1; : : : ; n, are dis
retefrequen
ies and n is the number of observations.� The pro
edure makes the assumption that the spe
tral estimatesare i.i.d. for distin
t dis
rete frequen
ies.� The optimal noise 
oor is found by minimising the bootstrapvarian
e estimate of the trimmed spe
trum w.r.t. (�; �).A.M. Zoubir, Curtin University of Te
hnology 178
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Noise Floor Estimation in Radar (Cont'd)

The radar return is assumed to 
onsist of 128 observations from a
omplex-valued AR(4) pro
ess, driven by a Gaussian pro
ess.
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Noise Floor in Over-The-Horizon Radar
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Noise Floor in Over-The Horizon Radar
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Outline

� Model Sele
tion{ Non-Linear Models{ Order Sele
tion in Autoregressive Models� More Appli
ations in Signal pro
essing{ Con�den
e Intervals for Spe
tra{ Bispe
trum Based Gaussianity Tests{ Noise Floor Estimation in Radar{ Con�den
e Intervals for Flight Parameters in Passive Sonar{ Model Sele
tion of Polynomial Phase Signals� Summary� A
knowledgements
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Con�den
e Intervals for an Air
raft's FlightParameters

OVERFLYING AIRCRAFT

ACOUSTIC EMISSION

MICROPHONE

S
hemati
 of the passive a
ousti
 s
enario.
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The Passive A
ousti
 Approa
h

� Information about the 
ight parameters is 
ontained in thea
ousti
 signal as heard by the stationary observer.� The frequen
y of the observed a
ousti
 signal s(t) from theover-
ying air
raft undergoes a time varying Doppler shift.� Thus, the phase of s(t) undergoes a time varying rate of 
hange.A simple model for the air
raft a
ousti
 signal, as heard by astationary observer, is given byX(t) = z(t) + U(t) = Aej�(t) + U(t) = Aej2� R t�1 f(�)d� + U(t) ;where z(t) = s(t) + jH[s(t)℄ and H[�℄ is the Hilbert transform.

A.M. Zoubir, Curtin University of Te
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Problem Des
ription

�� ��
�� � ������������
vs vm�(t)

r(t)
hR(t)

S
hemati
 of the geometri
 arrangement of the air
raft and observer in termsof the physi
al parameters of the model.A.M. Zoubir, Curtin University of Te
hnology 185
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Problem Des
ription (Cont'd)

Context: Estimation of an air
raft's 
ight parameters (height,speed, range and a
ousti
 frequen
y) from the a
ousti
 signal asheard by a stationary observer [Reid et al. (1997), Ferguson (1992),Ferguson & Quinn (1994)℄.Problem: To estimate an air
raft's 
ight parameters using passivea
ousti
 te
hniques and to determine 
on�den
e bounds given only asingle a
ousti
 realisation.Solution: Estimate the air
raft 
ight parameters from the timevarying phase of the observed a
ousti
 signal. Use bootstrapte
hniques to estimate the 
on�den
e bounds [Reid et al. (1996),Zoubir & Boashash (1998)℄.

A.M. Zoubir, Curtin University of Te
hnology 186



ICASSP-99 Tutorial, 15 Mar
h 1999'
&

$
%

The Passive A
ousti
 Model

An observer phase model �(t) des
ribes the phase of the observeda
ousti
 signal in terms of the 
ight parameters and is given by

�(t) = 2� fa
2
2 � v2  t�rh2
+ v2t2
+ 2v2th
3 !+ �0; �1 < t <1 ;

where t0 is the time when the air
raft is dire
tly overhead, fa is thesour
e a
ousti
 frequen
y, 
 is the speed of sound in the medium, v isthe 
onstant velo
ity of the air
raft, h is the 
onstant altitude of theair
raft and �0 is an initial phase 
onstant.

A.M. Zoubir, Curtin University of Te
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The Passive A
ousti
 Model (Cont'd)

From the phase model, the instantaneous frequen
y (IF), relative tothe stationary observer, 
an be expressed as

f(t) = 12� d�(t)dt = fa
2
2 � v2  1� v2(t+ h=
)ph2(
2 � v2) + v2
2(t+ h=
)2! :

For a given f(t), or �(t), �1 < t <1 and 
, the air
raft parameters
olle
ted in the ve
tor � = (fa; h; v; t0)0 
an be uniquely determinedfrom the phase or observer IF model.Consider appropriate sampled versions of the 
ontinuous-time signalsand denote by �t and Xt, the phase, and the observed signal asfun
tions of t = 0;�1;�2; : : : .A.M. Zoubir, Curtin University of Te
hnology 188
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The Instantaneous Frequen
y
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ates the timeat whi
h the air
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tly overhead the observer.A.M. Zoubir, Curtin University of Te
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The Instantaneous Phase
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 phase pro�le of an over-
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artwheel symbol marks the time atwhi
h the air
raft is dire
tly overhead the observer.
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A Bootstrap Approa
h

Step 0. Colle
t and sample the data to obtain Xt; t =�n=2; : : : ; n=2� 1.Step 1. Unwrap the phase of the signal Xt to provide a non-de
reasing fun
tion ^�t whi
h approximates the true phase �t.Step 2. Obtain ^�, an initial estimate of the air
raft parametersby �tting the non-linear observer phase model �t;� to ^�t in aleast-squares sense.Step 3. Compute the residuals^"t = �t; ^� � ^�t ; t = �n=2; � � � ; n=2� 1 :

A.M. Zoubir, Curtin University of Te
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A Bootstrap Approa
h (Cont'd)

Step 4. Compute ^�i, a bootstrap estimate of the standard devi-ation of ^�i, i = 1; : : : ; 4.Step 5. Draw a random sample X � = f^"��n=2; � � � ; ^"�n=2�1g, withrepla
ement, from X = f^"�n=2; � � � ; ^"n=2�1g and 
onstru
t^��t = �t; ^� + ^"�t :Step 6. Obtain and re
ord the bootstrap estimates of the air
raftparameters ^�� by �tting the observer phase model to ^��t in aleast-squares sense.

A.M. Zoubir, Curtin University of Te
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A Bootstrap Approa
h (Cont'd)

Step 7. Estimate the standard deviation of ^��i using a nestedbootstrap step and 
ompute and re
ord^T �i = ^��i � ^�i^��i ; i = 1; : : : ; 4 :Step 8. Repeat Steps 5 through 7 a large number of times N .Step 9. Order the bootstrap estimates as ^T �i;(1) � ^T �i;(2) � � � � �^T �i;(N) and 
ompute the (1� �)100% 
on�den
e interval(^�i � ^T �i;(q1)^�i; ^�i � ^T �i;(q2)^�i);where q1 = N � bN�=2
+ 1 and q2 = bN�=2
.

A.M. Zoubir, Curtin University of Te
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Simulation Results

� An n = 320 point passive a
ousti
 signal zt is generated at threelevels of SNR (15 dB, 20 dB and 30 dB).� We set h = 304:8 m, v = 102:89 m/s, fa = 1 Hz, t0 = 0 s,sampling frequen
y fs = 8 Hz and bootstrap variables B1 = 25,B2 = 100 and B3 = 1000.� The bootstrap 
on�den
e bounds are 
omputed and 
omparedwith those obtained by Monte Carlo simulation where the air
raftparameters are 
al
ulated for 1000 independent realisations of zt.
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Simulation Results (Cont'd)

h [m℄ v [m/s℄ t0 [s℄ fa [Hz℄SNR A
tual 304.8 102.89 0.000 1.000dB BS MC BS MC BS MC BS MCUpper Bound 308.40 308.0 102.94 103.04 0.004 0.002 1.000 1.00030 Lower Bound 301.4 301.9 102.67 102.74 -0.005 -0.006 1.000 1.000Interval length 6.6 6.1 0.27 0.30 0.009 0.008 0.000 0.000Upper Bound 309.5 314.5 103.17 103.34 0.011 0.016 1.000 1.00020 Lower Bound 290.8 295.2 102.26 102.44 -0.020 -0.016 0.999 0.999Interval length 18.7 19.3 0.91 0.90 0.031 0.032 0.001 0.001Upper Bound 315.7 320.7 103.54 103.65 0.040 0.027 1.001 1.00115 Lower Bound 286.0 288.6 102.14 102.12 -0.008 -0.027 0.999 0.999Interval length 29.7 32.1 1.40 1.53 0.048 0.054 0.002 0.002

The bootstrap derived 95% 
on�den
e bounds for ea
h of the parameters are
ompared with the 95% 
on�den
e bounds determined by Monte Carlosimulation.A.M. Zoubir, Curtin University of Te
hnology 195
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Simulation Results (Cont'd)
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The histograms of the bootstrap distribution (left 
olumn) are 
ompared withthe histograms obtained by Monte Carlo simulation (right 
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Real Experiment
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Real Experiment (Cont'd)h [m℄ v [m/s℄ t0 [s℄ fa [Hz℄Nominal Value 149.05 36.61 0.00 76.91Run 1. Upper Bound 142.03 36.50 0.02 76.99Lower Bound 138.16 36.07 -0.03 76.92Interval length 3.87 0.43 0.05 0.07Nominal Value 152.31 52.94 0.00 77.90Run 2. Upper Bound 161.22 53.27 -0.04 78.18Lower Bound 156.45 52.64 -0.06 78.13Interval length 4.77 0.62 0.02 0.05Nominal Value 166.52 47.75 0.00 75.94Run 3. Upper Bound 232.30 57.29 0.10 76.48Lower Bound 193.18 53.47 -0.14 75.87Interval length 39.13 3.83 0.24 0.60Nominal Value 233.01 56.56 0.00 77.65Run 6. Upper Bound 243.02 57.15 0.74 77.96Lower Bound 209.72 53.69 0.68 77.80Interval length 33.30 3.46 0.06 0.16The bootstrap derived 95% 
on�den
e bounds for four real test signals usingthe unwrapped phase based parameter estimator.A.M. Zoubir, Curtin University of Te
hnology 198
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Interpretation of the Results

� The proposed bootstrap and unwrapped phase based estimationte
hniques 
an be used to provide a pra
ti
al 
ight parameterestimation s
heme.� The te
hniques do not assume any statisti
al distribution for theparameter estimates and 
an be applied in the absen
e ofmultiple a
ousti
 realisations.� The obtained 
on�den
e bounds are in 
lose agreement withthose obtained from Monte Carlo simulations.� Similar experiments with Central Finite Di�eren
e (CFD)estimates were performed. The 
on�den
e bounds presented hereare mu
h tighter than those of the CFD based estimates.A.M. Zoubir, Curtin University of Te
hnology 199
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Modelling Polynomial Phase Signals

� Many non-stationary signals en
ountered in radar, sonar,tele
ommuni
ations, seismology, or biomedi
al engineering 
an beexpressed in the general form of a 
omplex analyti
 signalz(t) = a0 expfj'(t)g ;where a0 and '(t), t 2 [T1; T2℄, T1; T2 <1, are the amplitudeand the phase of the signal, respe
tively.� In pra
ti
e, z(t) is observed in stationary 
omplex noise U(t) andsampled, yielding values xt, t = 0; : : : ; n� 1, from the modelXt = a0 expfj'tg+ Ut; t = 0; : : : ; n� 1:

A.M. Zoubir, Curtin University of Te
hnology 201
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Modelling Polynomial Phase Signals (Cont'd)

� Provided that 
ertain regularity 
onditions are ful�lled [Kreyszig(1989)℄, '(t) 
an be modelled by

Xt = a0 exp(j QXq=0 bq t;q)+ Ut; t = 0; : : : ; n� 1;

where bq, q = 0; : : : ; Q, are unknown real valued parameters, andf t;qg is an arbitrary set of basis sequen
es.� The signal zt = a0 expnjPQq=0 bq t;qo, t 2 Z , is referred to as afrequen
y modulated (FM) signal.

A.M. Zoubir, Curtin University of Te
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Modelling Polynomial Phase Signals (Cont'd)

� In the spe
ial 
ase where  t;q = tq, zt is 
alled a polynomialphase signal.� Problem: Given a short segment of length n of noisyobservations of the polynomial phase signal, model zt. Modellinginvolves sele
tion of the model and 
onditional estimation of theparameters [Akaike (1978)℄.� model sele
tion 
onsists of 
hoosing an appropriate set ofsequen
es tq, q 2 �, � � f0; : : : ; Qg, where Q is an arbitrarilylarge model order.� Conditional estimation of the model parameters refers toestimation 
onditioned on the unknown model.A.M. Zoubir, Curtin University of Te
hnology 203
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Bootstrap Model Sele
tion based on LSE

� Assuming that SNR = a20=�2U is large, one 
an write fort = 0; : : : ; n� 1 [Tretter (1985), Djuri
 & Kay (1990)℄

Xt = a0 exp(j QXq=0 bqtq)+ Ut � a0 exp(j QXq=0 bqtq +Wt!) ;with Wt, real, zero-mean, i.i.d. and �2W = �2U=(2a20).� The estimation problem is redu
ed to� =H b+W ;where � = (�0; : : : ; �n�1)0, W = (W0; : : : ;Wn�1)0,b = (b0; : : : ; bQ)0, H = (h00; : : : ;h0n�1)0, h0t = (1; t; : : : ; tQ)0,t = 0; : : : ; n� 1.A.M. Zoubir, Curtin University of Te
hnology 204
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Residuals Based Bootstrap Model Sele
tion

With � a subset of f0; : : : ; Qg, the optimal model is the model �osu
h that b�o 
ontains all non-zero 
omponents of b, where b� is ave
tor 
ontaining the 
omponents of b indexed by the integers in �.Step 1. Sele
t the largest possible model � = f0; : : : ; Qg, and�nd the least-squares estimate ^b of b = (b0; : : : ; bQ)0.Step 2. Compute the residuals^wt = �t � h0t^b; t = 0; : : : ; n� 1:Step 3. Centre and s
ale the residuals, to obtain

~wt =  ^wt � 1n n�1Xt=0 ^wt! =r1� Q+ 1n ; t = 0; : : : ; n� 1:

A.M. Zoubir, Curtin University of Te
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Bootstrap Model Sele
tion (Cont'd)

Step 4. For all models � � f0; : : : ; Qg,(a) Draw ^w�t , with repla
ement, from ~wt, t = 0; : : : ; n� 1.(b) Compute��t = h0�t^b� + ^w�t ; t = 0; : : : ; l � 1;where l is su
h that l=n! 0 and l !1.(
) Find the least-squares estimate ^b��;l from (b).(d) Compute
��n;l(�) = 1n n�1Xt=0 ��t � h0�t^b��;l�2 :

A.M. Zoubir, Curtin University of Te
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Bootstrap Model Sele
tion (Cont'd)

Step 4. (Continued)(e) Repeat steps (a){(d) a number of times (e.g. 100),to obtain a total of N bootstrap statisti
s��(1)n;l (�); : : : ;��(N)n;l (�) and 
ompute

^��n;l(�) = 1B NXb=1 ^��(b)n;l (�):Step 5. Choose ^� for whi
h ^��n;l(�) is minimum w.r.t. �.The pro
edure above is 
onsistent in that limn!1 Prf^� = �og = 1,provided l is su
h that l=n! 0 and l !1 [Shao (1996), Zoubir &Iskander (1999)℄.A.M. Zoubir, Curtin University of Te
hnology 207
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Simulation Results

� Consider a quadrati
 FM signal of the formzt = expfj(0:5 + 0:05t+ 0:0002t3)g; t = 0; : : : ; n� 1;embedded in i.i.d. noise Ut, t = 0; : : : ; n� 1. The true model ofthis quadrati
 FM signal is �o = fb0; b1; b3g.� The noise is sele
ted to be Gaussian, although the distribution ofthe noise is not relevant provided it has a �nite varian
e.� The signal-to-noise ratio ranges from 5 dB to 15 dB.� 100 bootstrap resamples are used. The number of samples inea
h realisation is set to n = 64 and l = 48 (l should be su
h thatQ=l is reasonably small).A.M. Zoubir, Curtin University of Te
hnology 208
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Simulation Results (Cont'd)

Model � ^��n;l(�) AIC MDL HQ AICC(b0; 0; b2; b3; 0) 0 0 0 0 0(b0; 0; b2; b3; b4) 0 5.1 2.4 5.8 4.8(b0; b1; 0; b3; 0) 100.0 87.5 96.0 82.7 88.9(b0; b1; 0; b3; b4) 0 3.4 0.9 5.1 3.0(b0; b1; b2; b3; 0) 0 3.5 0.7 5.0 3.1(b0; b1; b2; b3; b4) 0 0.5 0 1.4 0.2Empiri
al probability (in per
ent) of sele
ting the true model, (b0; b1; 0; b3; 0),of a quadrati
 FM signal embedded in Gaussian noise. SNR = 15dB, n = 64,l = 48. Models not sele
ted by any of the methods are not shown.A.M. Zoubir, Curtin University of Te
hnology 209
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Simulation Results (Cont'd)Model � ^��n;l(�) AIC MDL HQ AICC(b0; 0; 0; b3; 0) 0.5 0 0 0 0(b0; 0; 0; b3; b4) 0 1.1 1.8 1 1.1(b0; 0; b2; 0; 0) 0.2 0 0 0 0(b0; 0; b2; 0; b4) 0 1 1.8 0.7 1.2(b0; 0; b2; b3; 0) 0.3 13.8 14.3 13.7 13.9(b0; 0; b2; b3; b4) 0 4.1 2.8 5 3.5(b0; b1; 0; 0; b4) 6.2 1 1.6 0.8 1.2(b0; b1; 0; b3; 0) 84.9 56.9 62.8 53.4 58.9(b0; b1; 0; b3; b4) 0 1.6 0.3 2.5 1.2(b0; b1; b2; 0; 0) 5.3 1.1 1.4 1.1 1.1(b0; b1; b2; 0; b4) 0 3.1 0.9 3.4 2.3(b0; b1; b2; b3; 0) 2.6 3.1 2.2 3.5 3.1(b0; b1; b2; b3; b4) 0 13.2 10.1 14.9 12.5Empiri
al probability (in per
ent) of sele
ting the true model, (b0; b1; 0; b3; 0),of a quadrati
 FM signal in Gaussian noise. SNR = 5dB, n = 64, l = 48.A.M. Zoubir, Curtin University of Te
hnology 210
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Interpretation of Results

� Bootstrap te
hniques 
an be applied to 
onstant amplitudepolynomial phase modelling.� Results have shown that the empiri
al probability of 
orre
tlysele
ting the model of a 
onstant amplitude polynomial phasesignal is high at a reasonable SNR.� A 
omparison with other te
hniques demonstrates the superiorityof bootstrap te
hniques.� Other bootstrap te
hniques based on the dis
rete polynomialphase transform have also been devised. They 
onsist of atwo-stage approa
h involving hypothesis testing [Zoubir &Iskander (1999)℄.A.M. Zoubir, Curtin University of Te
hnology 211
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Summary

� It is often ne
essary to �nd the sampling distributions ofparameter estimators, so that the respe
tive means and varian
es
an be 
al
ulated, and more generally, 
on�den
e intervals forthe true parameters 
an be set.� Most te
hniques for 
omputing varian
es or 
on�den
e intervalsassume that the size of the available set of sample values issuÆ
iently large, so that \asymptoti
" results 
an be applied.� In many signal pro
essing problems this assumption 
annot bemade be
ause, for example, the pro
ess is non-stationary andonly small portions of stationary data are 
onsidered.

A.M. Zoubir, Curtin University of Te
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Summary (Cont'd)

� Bootstrap te
hniques are an alternative to asymptoti
 methods.� The bootstrap does with a 
omputer what the experimenterwould do in pra
ti
e, if it were possible: they would repeat theexperiment.� With the bootstrap, the observations are randomly re-assigned,and the estimates re-
omputed. This pro
ess is done thousandsof times to simulate repeated experiments.� In an era of exponentially in
reasing 
omputational power, su
h
omputer-intensive methods are be
oming in
reasingly attra
tive.

A.M. Zoubir, Curtin University of Te
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Summary (Cont'd)

� The tutorial provides the fundamental 
on
epts and methodsneeded by the signal pro
essing pra
titioner to de
ide when andhow to apply the bootstrap su

essfully.� The tutorial fo
uses on the independent data bootstrap. Theassumption of i.i.d. data 
an break down in pra
ti
e eitherbe
ause the data is not independent or be
ause it is notidenti
ally distributed, or both.� The bootstrap 
an still be invoked if we knew the model thatgenerated the data. In other 
ases we 
an make the reasonableassumption that the data is identi
ally distributed but notindependent su
h as in autoregressive pro
esses.A.M. Zoubir, Curtin University of Te
hnology 215
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Summary (Cont'd)

� For 
on�den
e interval estimation or hypothesis testing, it isessential that the statisti
 used is asymptoti
ally pivotal.� It has been shown that working on a varian
e stable s
ale isbetter than studentising.� When a varian
e stabilising transformation is not known,bootstrap 
an be used to estimate it.� Many appli
ations have been presented to demonstrate the powerof the bootstrap. Spe
ial 
are is however required when applyingthe bootstrap in real-life situations.

A.M. Zoubir, Curtin University of Te
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